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Introduction and Scope of Work

Electromagnetic theory and electric circuit theory are the fundamental principles upon which
all branches of electrical engineering are built. Many branches of electrical engineering like
power, electric machines, control, electronics, communications and instrumentations are
based on electric circuit theory. Therefore, basic electric circuit theory is not only one of the
most important courses for students studying information technology and electrical
engineering but it is also an excellent starting point for the fundamentals of any field of
engineering.

Circuit theory is also valuable for students specialized in other branches of the physical
sciences because circuits are good models for the study of energy systems in general, and
because of the applied mathematics, physics and topology involved.

This textbook, which complements the theoretical summary of fundamentals in electrical
engineering, is a short collection of calculation examples, to help students understand the
basics of practical electricity, i.e. the basics of electric circuits. As both the theory and the
practical experience are considerable, | found it a challenge to collect and summarize even
the basic calculation examples in a short textbook. | focused on the most essential parts so
many interesting and important practical sections of electricity are missing from this
textbook. The topics were selected based on considerable educational experience and
previously published textbooks and the content of this material has been structured
accordingly.

| hope that this collection of practical examples covering the most important parts of the
electrical circuit analysis will support you in understanding and practicing the basics of electric
circuits and give you a sound background to build up deeper knowledge in practical
engineering.

Any feedback regarding the structure and content of this material is welcome.

Finally, | would like to say thanks to everyone who helped me to create this book containing
the most important parts of electrical circuit analysis essential to electric engineering.

| wish to say a special thanks to my colleagues for their help in the creation of this textbook -
in this concise way, | couldn’t have done such a good job of selecting the topics without their
valuable support.

| also want to say a special thanks to the leadership of the University of Pécs, Faculty of
Engineering and Information Technology for giving me the opportunity to write this book that
| believe will be a useful tool for teaching our foreign and local students the basics of
electricity.

Last but definitely not least, | would like to express my appreciation to my family. For a long
period of time when | was preoccupied with preparing this material, | unintentionally tried
their patience. | would like to extend a special thanks to them for their patience and
understanding. They were extremely helpful, and | really appreciate it.

Istvan Gyurcsek
Author
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1. Stationary Electric Field

1.1 Differential and integral forms of Ohm’s law

Find the electric current which flows through the aluminium rod shown in Figure 1.1
when 1mV is connected to its terminals. The length of rod is 10 cm, diameter is 5 mm and
par=0.025 Omm?/m. (The surfaces area, where the current enters/leaves the aluminium
body, can be supposed to be equipotential.)

‘féjz%

Figure 1.1 Current carrying aluminium rod

Solution

According to differential Ohm’s law
-E (1.1)
Based in the current density we can calculate the electric current in the ‘@’ cross section

1

1=f]-da=EfE-da (1.2)
A

A

The potential difference (voltage) between the end terminals of the rod
l
%
V=fE-dr=E-l—>E=T (1.3)
0

Notice that the electric field is homogeneous within the rod. Substituting (1.3) and (1.2) to
(1.1) we obtain the integral form of the Ohm’s law.

; 1V vV V
=——-ra=—7F"== 1.4
p 1 p l/a R (1.4)
The cross section of the rod is
d>-m 257w
a=——=—7"= 19.625 mm? (1.5)

And the R resistance of the rod is
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= 0.025-

l
—_ ol . _4 = 1.6
" 19675 1.2739-10 127.39 uf (1.6)

R=p-
So, the electric current which flows through the aluminium rod is

|4 1073

= =785A (1.7)
R~ 1.2739- 1074

I =

1.2 Resistance calculation in irregular shapes

Find Iag then lco when 1mV is connected to AB then CD terminals. par= 0.025 Qmm?/m
Surfaces, where the current enters and leaves the aluminium body, can be supposed to be
equipotential.

A

2
P, = 0,025 20

d, =200 mm

Figure 1.2 Current carrying aluminium body
Solution

Based on Ohm’s law we can calculate the electric current. The first idea is to use the (1.8)
integral formula of the resistance calculation.

l l

_ b 1.8
R=P =54 1)

The integral formula can be used only with the following conditions

e Homogeneous material ¢ or p is constant
e Constant length beside cross-section
e Constant cross-section beside length

So (1.7) provides an inaccurate (mean) result for both Iag and Icp.

In lag calculation, the current density varies along the current path as shown in Fig. 1.3. The
cross section is not constant with the current path, so we can use the mean cross section only
in our (inaccurate) calculation using (1.7) in this case.
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Figure 1.3 Calculating las current

In lcp calculation, the current path varies along the cross section as shown in Fig. 1.4.

so, we can use the mean cross section only in our (inaccurate!) calculation using (1.8) in this

case.

—
V=1mV

Figure 1.4 Calculating lcp current

Approximate calculation of Iag

d o detdy,
A =h-Lom = b —E— = . = 10210 mm? (1.9)
dp — d
Lip = — 5 L = .. =70mm=0.07m (1.10)
l
Rigm =P -f = =1714-10"7 0 (1.11)
m
%
Iapm = 7 = = 5.834 kA (1.12)
ABm

Exact calculation of /4s
We can interpret Fig. 1.3 in this case as it is shown in Fig. 1.5.
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ﬁ dR ﬁl
@ "t O
J]/

Figure 1.5 Interpretation of Fig. 1.3

For a very thin elementary layer the exact value of the resistance can be calculated according
to Fig. 1.6.

Figure 1.6 Calculating elementary resistance
l dr

dRyp = = 1.13
B=P AT P (1.13)
Because of the series connected elementary resistances
Tk Tk Tk
R—de —f dr—pfld 1.14
AB — AB — ph_r_n__h_n_ T,r ( )
Tp b Tp
Evaluating (1.14) and substituting parameters
Tk
p 1 p p P Tk
RAB :nf ;drzﬂllnrli’; =m(lnrk—lnrb) :mlna (115)
Tp
2.5-107% 200
Ryp = 1 =1.9162-10770 (1.16)
48 =005 60
Finally, the exact value of the electric current is
|74
Ijp=——=--=5219A4 « (# 5.834 A) (1.17)

Rup

Approximate calculation of Icp
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According to Fig. 1.4

do T e +dp
lm = mz — 22 = .= 2042 mm = 0.2042 m (118)
d, —d
Acp =h k > b_ .= 3500 mm2 (1.19)
CD
vV
ICDm = R— A 685A (121)
CDm

Exact calculation of Icp

We can interpret Fig. 1.4, in this case as is shown in Fig. 1.7.

/

(o/a
—AA—

/ dR
—\W—

/ dR
/ — AW/
—

7 "\ 15

Figure 1.7 Interpretation of Fig. 1.4

For a very thin elementary layer the exact value of the conductance can be calculated
according to Fig. 1.8.

Figure 1.8 Calculating elementary conductance

1 dA h-dr

o =GRy Pl prom

(1.22)

So, the total conductance of the body is

10
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Tk Tk rk

G—fdG —fh'dr—hfld 123

cD = cD = prm prl)r r (1.23)
rb Th rb

Evaluating (1.23) and substituting parameters

rk
h 1 h h h T
Gep = —— f —dr =——|[Inr]’* =——(nr, —Inn,) = ——In— (1.24)
pm) T prT b p-m p T T
rb
Gep = L15 1 200 _ 7.665-10° S (1.25)
®=25-108-7 " 60 |
1
Rcp =—=1.3046-107° 1 (1.26)
Gep
Finally, the exact value of the electric current is
%4 1073
=766 A « (+ 685 A) (1.27)

I = ==
" Rcp  1.3046-10-°
1.3 Earth resistance calculation

Calculate the earth resistance in Fig. 1.9 when the ground is wet and when it is dry.

v _n=1m
12 [ /=1 A
= |r=15m J] 000
r;=0,5m 1\/

O, =0,1Qm

o4, =107 Om
Figure 1.9 Grounded rod for earth resistance calculation
Solution

For a very thin elementary layer the exact value of the resistance can be calculated according
to Fig. 1.10.

11
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$I= 1000 A

ar

Figure 1.10 Calculating the resistance of a thin layer

l dr

dR = =
cA(r) o-2m-r?

(1.28)

Therefore, the total resistance of the grounded rod can be calculated according to the Fig.
1.11.

R_f a1 fld
F= ) o 2n-r2 o2 ) r? r (1.29)
TG re
Evaluating (1.29) we find
R - 1 [1]°°_ 1 <—1 —1)_ 1 130
F =6 2m rrc_a-Zn o 1.) 2m-o-rg (1.30)

Finally, substituting parameters

12
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R . 3.183 1 (1.31)
fwet — 27 Opop " Tg e
1
Rigry = 5———— = 31830 (1.32)

2T[ * O—dry * TG
1.4 Electric potential of a grounded rod
Find the electric potential of the rod in Fig. 1.9 when the ground is wet and when it is dry.

Solution

Substituting earth resistances from (1.31) and (1.32) into Ohm’s law
Vewet = 1" Rpyer = 1000 - 3.183 = 3.183 kV (1.33)
Veary =1+ Rpgry = 1000 -318.3 = 3183 kV (1.34)
We can see the potential of the rod is higher when the earth is dry but the potential in case of
wet ground is also dangerous in the case of a 1000 A electric current, flowing through the rod.

1.5 Step voltage

Calculate the step voltage between the 1m and 1.5 m points of the lightning rod shown in Fig.
1.9 when the ground is wet and when it is dry.

Figure 1.12 Step voltage

Solution 1
The earth resistance between ri and r; points can be calculated according to (1.30)
T2

po_ L (1.1 [1]@_ 1 <1 1) (135)
200 ) 12 Torg rl, 2m-o\rp 1 '

1

Substituting parameters into (1.35) of wet and dry ground conditions

13
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r 1 (1 1)_ 1 (1 1)—053112 (1.36)
1,2wet — 2 - Oper \11 T, - 27 -0.1\1 1.5 - .

. 1 (1 1)_ 1 (1 1)—53112
Ladry = 5 Ogry \11 1 T 2m-1073\1 1.5/ 77 (1.37)

So, the step voltages in case of wet and dry ground
Vl,Zwet = I - R1,2W€t = 1000 " 0.531 = 531 V (138)
VI,ZdTy = I - Rl,ZdTy = 1000 - 53.1 = 53.1 kV (139)

The step voltage can also be very dangerous with 1000 A flowing through the rod.
Solution 2

The electric current density at distance r from the surface can be calculated according to
(1.40)

I
= = 1.40
/() A(r) 2m-r? (1.40)
The electric field according to Ohm’s law is
E(r) = ! = ! (1.412)
r _a](r)_a-Zn-rZ '
And the potential difference i.e. the step voltage between ri and ry is
T2 2 T2
V—fE d—f L g 1d—1<1 1) (1.42)
12— (rdr = o 22" “2mo) Y Tong VR o '
2 71 T

Obviously (1.42) gives the same result for the step voltages as we already calculated in (1.38)
and (1.39).

1.6 Dissipated power of a lightning rod

Calculate the dissipated power through the earth for Fig. 1.9 when the ground is wet and
when it is dry.

Solution 1

We already calculated the electric potential of the rod in wet and dry conditions in (1.33) and
(1.34). The dissipated power, accordingly, are the following.

Puet = Viwer - 1 = 31831000 = 3.183 MW (1.43)
Pary = Viary - 1 = 318300 - 1000 = 318.3 MW (1.44)

Solution 2

14
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The differential form of Joule’s law gives the value of electric power density at a certain point
of the electric field as shown in (1.45).

I I?
— . — . — 1.45
p(r) = E@)-J(r) o-2m-r? 2m-r? o-4mcrt ( )
The total power, in volume, is given by (1.46)
Pvzf p(r)dv, dV =A-dr =2m-r?-dr (1.46)
14
Substituting (1.45) into (1.46) and calculating the equation
P_f e 2d_12f1d_ 12
VE ) Geameed 4T T T o0 s ) vz r_Zn-a-rG (1.47)
TG TG
Ppet = 10007 _ 3.183 MW (1.48)
wet = 0.1-2m-05 '
10002
- _1318 (1.49)
Pary 103 2705 3183 MW

Obviously, (1.48) and (1.49) provide the same results as we obtained from (1.43) and (1.44).

15
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2. Basic Laws of Electric Circuits

2.1 Circuit analysis using Kirchhoff’s method 1
Find voltages v, and v, in the single loop electrical circuit, shown in Fig. 2.1.

20

AN AN
\ \‘Ilﬂl_._f

20v (7)) Q 0 : 30

Figure 2.1 Electrical circuit with a single loop

Solution

The characteristic equations of the resistors are the following.

Applying KVL for the single loop we have (2.2)

—-20+v,—v, =0 (2.2)
Substituting (2.1) into (2.2)
—20+2-i—(=3-)=0 (2.3)
Thus,
20
i=4 =44-v,=2"4=8V,v,=-3-4=-12V (2.4)

2.2 Circuit analysis using Kirchhoff’s method 2

Find the currents and voltages in the circuit shown in Fig. 2.2.

sQ L, 3
-‘.\..-"'\'.-’\ _,."‘.\.
+ oy - ‘fz
4 J +
0V .;’;f\‘: Loopl| }- 3Q Loopl| g f::j 6 Q)

- =

Figure 2.2 Circuit with two independent loops
Solution

The circuit have two independent loops and one independent node. Applying KVL for Loop 1

16
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_30 + 1.71 + 172 == 0
Applying KVL for Loop 2

—V,+v3=0->v, =v3
Applying KCL for Node ‘@’

i1 —ip,—i3=0

The characteristic equations of the resistors
v, =8-iy, vy, =310y,

Substituting (2.8) into (2.5)

v3:6'i3

] ) ] 30—3-1i,
—-30+8'i;+3i,=0-1i; =
Substituting (2.8) into (2.6)

8

6'i3:3'i2_>i3:0.5'i2
And finally, substituting (2.9) and (2.10) into (2.7)

30 — 3 -,

8
Thus,

_iZ_O.S'iZZO
i2:2A, i3:1A, 1.71:24'V,
2.3 Circuit analysis using Kirchhoff’s method 3

172 = 1.73 = 6 V
Calculate the currents and voltages in the circuit shown in Fig. 2.3.

i 1 12 i
7 1 .
2 i."! . _—1 i.}
Ty~ i V3 T
+ .
SN .. A\ v
7o } = [ _ ]
sv (5 5280 ) 3

Figure 2.3 Electrical circuit with two sources

Applying KVL for independent loops and KCL for a single independent node

17

(2.10)

(2.10)

(2.11)

(2.6)
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—S5+v,+v,=0
—3—-v,+v3=0
i1 =iy +i3
The resistors’ characteristics are the following
v, = 20y, v, = 8i,, V3 = 4i;
Substituting (2.15) into (2.12) and (2.13)
2i; +8i, =5

3 + 8i,

_812+4i3:3_)i3: 4

From (2.16) and (2.14) we obtain
From (2.18) and (2.17) we can write

3+ 8i,

Thus,
20i, +3+8i, =10-1i, =0.254
i;=125A4, iph=154
v, =3V, v, =2V, v =5V

2.4 Equivalent resistance

Find the equivalent resistance for the circuit shown in Figure 2.4.

40 1Q

- AOACA M I
o—" 00N LY.Ly, P
s
=

e, o 250

-e'.:
e Ao A A ] [
- W WO

Figure 2.4 Equivalent resistance calculation

Solution

18

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
(2.21)

(2.22)
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We can calculate the parallel equivalent resistance of the 6 — Q and 3 — () resistances

3-6 50
3+6
The circuit is shown in Fig. 2.5.
4Q
ﬁ'.\."‘ \,-'r".‘."\.t. ]
. =20 _
e, | <60
ooz20
8Q 7

WYY

Figure 2.5 Circuit with the sub-equivalent 1

The equivalent resistance of the series connected 2-Q resistorsis 2 + 2 = 4 Q that is
connected in parallel to the 6-Q) resistor, so

SALIPP
4+6
as shown in Fig. 2.6.
40
R > :
80

Figure 2.6 Circuit with the sub-equivalent 2
So, the equivalent resistance of the series connected resistors is
Ryg=4+24+8=1440Q
2.5 Electric power calculation

Find ip and vo in the circuit shown in Fig. 2.7. Calculate the power dissipated in the 3-£2-
resistor.

_I_
IZVCD %6& ﬂb%3ﬂ

Figure 2.7 Circuit for calculation Example 2.5

19
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Solution

We can substitute the parallel resistors with a single equivalent resistor as shown in Fig. 2.8.

6x3=2"3_2q
T 6+3
_f -
LI Xe' p
AN
_|_
12V @) fﬂo%m
b

Figure 2.8 The equivalent circuit

According to the voltage division we can calculate vp as the following

20
vy =12V - (2+—4)[2 =4V
and applying Ohm’s law for the 3-Q resistor
. Vo
ip = 3= 1.33 4
Alternatively, we can also use current division
] ] 62
lp=1- (6+—3).(2
For this we need the total current in the circuit, that is
=2V
4+2)n
thus,
ip = 2A.(6+—3).(2: 1.33 4

that gives the same value as we calculated previously.
Finally, the electric power at the 3-Q resistor is

Po=Vy g =4-133=533W
2.6 Wye-delta equivalent transformation

Obtain current i in the circuit of Fig. 2.9.

20
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e (] o
1250 § § 100
50
120V () ¢ AA—] 7 § 30 Q
150 20 Q
b b

Figure 2.9 Circuit with triple-degree nodes
Solution

For current calculation, we need to determine the equivalent resistance of the circuit. But,
because the circuit contains triple-degree nodes, neither series nor parallel sub-equivalents
can be found. We have to change the structure of the circuit with equivalent wye-delta (or
delta-wye) transformation. Let’s look at the (5, 10, 20)-Q wye sub-circuit to transform it into
its delta equivalent.

1 1 1
Gy =g+i5+55=0358

10 20
i 0.02 0.35
5 10 . :
ac = TG T 035 e T 002
i 0.01 0.35
5 20 : '
Gpe = =—— S Rpe=——=350
be =G T 035 M T 001
L..L 0.005 0.35
10 20 ' :
Gyp = = Ry, =———==700
ab =G T 035 e T 0.005
The transformed circuit is shown in Fig. 2.10.
a o
125 Q .
§ 17.5 Q
70 € 30 Q
_ 35Q
15Q §
b o

21
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Figure 2.10 Transformed equivalent circuit

Now, we can find parallel connected elements in Fig. 2.10

70x30 =239 510
X = =
100
12.5-17.5
12.5%x 175 =——=7.292 1)
30
15x35= 2321050
X = = 10.
50
This results in the following, in Fig. 2.11
a o
7.292 Q
21 Q
10.5 Q
b o

Figure 2.11 Result of parallel equivalents
Calculating the total equivalent resistance in Fig. 2.11 gives the following
Ry, = (7.292+105) x 21 =--=9.6321

And finally, the electric current is

120V
=
Rab

= 12458 A
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3. Methods and Theorems in Circuit Analysis

3.1 Nodal analysis

Using nodal analysis, calculate the node voltages and the branch currents in the circuit shown
in Fig. 3.1.

5A
N _—
fi=5 bi=>5
I~ ) i 4 = ].ID
2 a0 N
2] AN
—_—
l Iz Iy i 5 l
202 6Q = (4) 104

Figure 3.1 Example for nodal analysis
Solution

First of all, we must decide the direction of the current, as is shown in Fig, 3.1. If any of these
directions is supposed, in contrast to ‘real life’ then its value will result in a negative in the
calculation. Note that with the supposed direction of i; we also used a v; potential higher than
v2. By applying KCL for node 1, having potential v1 we can write (3.1).

il = iz + i3 (31)
Substituting circuit parameters into (3.1)

171—172 1.71_0

5= Tt (3.2)
that can be written as
20=v, — v, + 21 (3.3)
thus
3v; —v, =20 (3.4)

Applying KCL for node 2, having potential v, we can write (3.5).
iz + i4_ = il + i5 (35)

Substituting circuit parameters into (3.5)
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vl;v2+10=5+v26_0 (3.6)
that can be written as
3v; — 3v, + 120 = 60 + 2v, (3.7)
thus
—3v; +5v, =60 (3.8)

Our task is to solve equations of (3.4) and (3.8) to determine v; and v, node voltages.
Method 1
Adding (3.4) and (3.8) we have

4v, =80->v, =20V (3.9)
From (3.4) we can express Vis1
3v; —20=20-v, =13.33V (3.10)

Method 2 (Cramer’s rule)

(3.4) and (3.8) can be written in matrix form as

[_33 _51] | [:j ] Ezl (3.11)

The determinant of the coefficient matrix

3 -1
A= det[ l =15-3=12 (3.12)

-3 5

Substituting the first column of the coefficient matrix with the constant vector the
determinant is

20 -1
A= det[ l =100+ 60 = 160 (3.13)

60 5

Substituting the second column of the coefficient matrix with the constant vector the
determinant is

3 20
A,= detl l =180 + 60 = 240 (3.14)

-3 60
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So the nodal potentials, according to the Cramer’s rule, can be calculated as

A 100 aasy (3.15)
VITRA T T :
A, 240
2t 3.16
T 20V (3.16)

The result is the same as we calculated in (3.9) and (3,10).

Finally, to determine the branch currents.

iy=54 (3.17)
V41—V
i, = — Z 2= _1674 (3.18)
. %1
iz = — =667 A (3.19)
i,=10A (3.20)
. Uy
is = - =3334 (3.21)

Note that value of iz is negative which means that current direction is contrary to what we
have assumed.

3.2 Nodal analysis using super node method

Find the node voltages for the circuit shown in Fig 3.2.

10 Q
AN
2V
o N 'y
(— 4}
] / "x__l % ) Ir“ T -
2A(4) 220 40 T 1)7A

Figure 3.2 Circuit with super node
Solution

Note that a 2-V voltage source is connected directly between the node 1 (with potential v;)
and node 2 (with potential v,) so we can substitute these nodes with a super node as shown
in Fig. 3.3.
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1 T.-'l 2 T.-'E
— . -
2 l gt l 2 7A
A () 2 ) S 3
2A l\i/ s ? 9 40Q 2 Ik_.
Figure 3.3 Super node
Applying KCL for the super node
2 = il + iz + 7
Substituting circuit parameters into (3.22)
1.71 - O 172 - O
2= + +7->8=2v;+v,+28
2 4
thus
vz = _20 - 21.71

According to the super node condition we can write that
v, =v;+2
From (3.24) and (3.25)
—20—-2v,=v; +2
So, the node potentials can be expressed as

3v,=-22->v;,=-733V, v, =v,+2=-533V
3.3 Mesh analysis

Find the branch currents (I3, I, I3) using mesh analysis.
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30 360
15v (2) fr_l) i ”' 40

Figure 3.4 Circuit example for mesh analysis
Solution

Applying KVL for mesh 1 (current i)
Applying KVL for mesh 2 (current i)
(3.28) and (3.28) in matrix form for using Cramer’s rule in the solution
3 =21 [u]_n1
[—1 2 ] [iz] N [1] (3.30)
The coefficient determinant
_ 3 —21_
A= det [_1 5 ] = 4 (3.31)
Substituting the constant vector into the first column of the coefficient matrix
_ 1 -271_
A,= det [1 ) ] = 4 (3.32)

Substituting the constant vector into the second column of the coefficient matrix

_ 3 1_
A,= det [_1 1] =4 (3.33)
The mesh currents are the following
AV LY
ll:K:1A’ lZZK:1A (3.34)

Finally, we must calculate the branch currents
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11:’:1:114, 12:i2:1A, 13:i1_i2:0 (335)
3.4 Mesh analysis using the super mesh method

Find iz, iz, i3, is using mesh analysis in the circuit of Fig. 3.5.

2Q
A
: ____________ |
! l
i |
! . |
508
i T | |
: L | 10 20
P ! ( —I':\ ] : AN AN
: M |___________v___T____I
%1 . SA | f&
| |
-2 | | = A
~ : = - - +7
60 = | i) 4 @ 280 @ () 10v
a : : o —
: :
o —
17 Q 3-3
Figure 3.5 Mesh analysis with super mesh method
Solution

Because mesh 1, mesh 2 and mesh 3 build a super mesh we can write the KVL for that super
mesh as follows

20y + 4i; +8(i3—iy) +6i, =0 (3.36)
From which we get (3.37)
i +3i, +6i3—4i, =0 (3.37)
Additional node equation for node P
ip=10;+5 (3.38)
Additional node equation for node Q
i, = i3+ 3l (3.39)
According to the condition of the dependent generator we can state that
Iy =—iy =iy, =i3—3i, (3.40)

The KVL for mesh 4
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20, +8(iy, —i3) +10=0 (3.41)
from which we get (3.42)
5i, —4i; = -5 (3.42)
Solving (3.37) and (3.42) we can get the mesh currents.
iph=—-75A4, i,=—25A4,i;=3934, i, =2143 A (3.43)

3.5 Superposition principle

Using the superposition principle, find i in the circuit on Fig. 3.6.

afr 80
=r+ _\.i \/ "-\f"""-_-"l"-.,.
Ty
40 40
A l :
(R < PN
12V I'n:_x"l :’ 30 l\._t./'l IA

Figure 3.6 Circuit for superposition example

Solution
Using the superposition principle, we take into consideration the sources separately and the
final result will be given as the addition (superposition) of partial results given by (3.44).

i == il + iz + i3 ) il :? (344)

Let’s start the calculation with i; based on a 12 V source. Other sources are substituted by
their energy-free compliance, i.e. the voltage source is short circuited and current source is
an open circuit as is shown in Fig. 3.7.

80
40 40 30
.-._I_-‘-__‘_,.\_v,. y J'-._-"I'"-.-'-'-,"J\-.- JL._LI__-..__V_I.,.?.I;\,_.LI )
L i 1 l I
2v (%) <30 — v (%) 230
T = N =

Figure 3.7 Calculation of i
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12 24
B = e =
For calculating i; we can use Fig. 3.8.
24V 8 Q
/AR
o, A"
0
4Q 4 Q
NWA AN
)

Figure 3.8 Calculating the effect of 24 V source
Applying KVL for mesh ‘a” we get (3.46)

16i, — 4ip +24 =0 > 4i, — i, = —6

Applying KVL for mesh ‘b” we get (3.47)

7
7ib _4’la =0- (2) ia = Zlb

Substituting (3.47) into (3.36)
iz = ib = _1

For calculating i; we can use Fig. 3.9.
8 Q
LAY

4 S.l v 4 gl A
—— AW T WW—=—] o,

§3§2 G 3A

Figure 3.9 Calculating the effect of a 3 A source.

Applying KCL for node 2 (node with v, potential)
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UV V=71
3=—+ 2 - 24 = 3v, — 21, (3.49)

Applying KCL for node 1 (node with v; potential)

1.72 - 1.71 171 171 10
=—4+ = TV, = — 3.50
2 2 + 3~ (2): v, 3 U1 (3.50)

From (3.49) and (3.50)

. U3
v1=3—>13=?=1A (3.51)

And finally, we can calculate current i based on the superposition of iz, i> and is.

3.6 Source transformation

Using source transformation to find vy in the circuit shown in Fig. 3.10.

40
h",n""-.f-'ﬁ'._,-'*'-_‘-
0.25u
20 *
.'._I" I, \ r"-\.-"ﬁ"-' -—
. +
e .S e
T | 7 < [ T
6V () 20 S (Z) 181

Figure 3.10 Example circuit for source transformation
Solution

The first step is to apply Thevenin-Norton transformations for the sub-circuits resulting in the
changed structure shown in Fig. 3.11. The internal resistors of Thevenin and Norton
equivalents are the same. The source (internal) current of the Norton generator is given by
the short circuit current of the Thevenin equivalent. The source (internal) voltage of Thevenin
generator is given by open circuit voltage of the Norton equivalent.
) Ux
4 Q)

ANA SR a5
AT, —

3a(}) 20 S 2020 () 18V

|
L = N

Figure 3.11 Applied Thevenin-Norton transformations on the circuit in Fig. 3.10
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Upon application of Norton-Thevenin transformation for the left side Norton generator, the
circuit will be as given in Fig. 3.12.

: i Uy
1Q 40

LU b W

WoW I
: N4

Figure 3.12 Norton-Thevenin transformation on the circuit in Fig. 3.11

Applying KVL for the circuit loop we get (3.53)
—-3+5i+v,+18=0 (3.53)
We can write an additional loop equation for the left side internal loop as (3.54)
-3+1li+v,=0 (3.54)
Substituting vx from (3.54) into (3.53) we can express the current as
15+5i+3—-i=0->i=-454 (3.55)

Another way is to write KVL for the right side internal loop from which we also can express
the electric current.

Vv, +4i+v,+18=0->i=—-454 (3.56)
The result is the same. Finally, we get the vx voltage
v, =3—-10i=75V (3.57)

3.7 Thevenin’s theorem

Find the Thevenin equivalent circuit at terminals a-b on the circuit shown in Fig. 3.13.

2u,
.-
20 20
.1.__*_...?_,-\.__;_1._.‘. '.'\,"*".-"*'\.-""'? o a
+
A 10 S S L
5A J ) 4Q 3 Uy S 6 Q)

o E)
Figure 3.13 Circuit for finding the Thevenin equivalent
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Solution

To find the Thevenin equivalent we have to calculate the source (Thevenin) voltage and the
internal (Thevenin) resistance of Thevenin generator. Let’s start with the calculation of the
Thevenin resistance. For this we have to eliminate independent current sources but the

dependent source will be remain in the circuit. In this case, the Rap can be calculated using an

external source, connected to terminals a-b as shown in Fig. 3.14.

2y,
20 20 4
L, + N
L= > ) P
1< n [ = 6Q f) .
= 2 = Iy N
b

Figure 3.14 Thevenin resistance calculation

Applying KVL for mesh 1

_va+2(i1_i2):0_)vxzi1_i2

But, because vy is measured on the 4-Q) resistor
—4i, =vy =i, — iy 2 i; = —3i,
Applying KVL for mesh 2
4i, + 2(i, — i) +6(i, —i3) =0
Applying KVL for mesh 3
6(i; —i,)+2i3+1=0
Thus,

1
l3:_€A_)10:_l3:gA

And finally, the Thevenin resistance is

1V
RTh:_:6'Q

Lo
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Now, we must determine Thevenin voltage. For this we use the circuit shown in Fig. 3.15.

2
22
I3
20 2Q
+
+

e y = S 60
5A Ik_tfl Q 40 2 b i 2 60 Upe

> b
Figure 3.15 Circuit for determining Thevenin voltage
Equation for mesh 1 is simple.
iph=54 (3.64)
Equation for mesh 3 is
=20, +2(i3— i) =0 > vy =i3— 1, (3.65)
and for mesh 2 is
4(i, —iy) +2(i, —i3) + 6i, =0 (3.66)
that can be written as
12i, —4i; — 2i3 =0 (3.67)
But Ohm’s law for the 4 — () resistor is
4(i; —iy) = vy (3.68)
Thus,
10
iy =~ A= Ve = Ve = 6iy, =20V (3.69)

The Thevenin equivalent of the circuit in Fig. 3.13 is shown in Fig. 3.16
6 €2

\ LY "
VA 0 a

+

Fal
20V (Z)
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Figure 3.16 Thevenin equivalent circuit
3.8 Norton’s theorem

Find the Norton equivalent of the circuit in Fig. 3.17.

fx l I‘\I'‘\«'lﬁ"."l“"-.."' ‘."v' :-; i1

WO

4 £

A
'\_,f'
[—
=
-

'
S

Figure 3.17 Circuit for Norton equivalent calculation

Solution

We can calculate the Norton resistance initially using the circuit shown in figure 3.18.

50Q

- A a
I AMAR )
! ti,
. = i
40 = | | p o= T
= =/ L'y
b

Figure 3.18 Calculating Norton resistance

As iy is zero because of the short circuit jgis 0.2 A so
Ry =—= =50n (3.70)

For calculating the Norton current, we use the circuit in Fig. 3.19.
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2i,
—
5Q a
T—I l "'.,-"I"-_-'""-‘."."-, C
/ .-:-: /-I:x\ r ‘fsc = L\'
40 2 \=/ 10V
b
Figure 3.19 Circuit for calculating Iy
Because
) 10
i,=—=25A (3.71)
4
and
10
isc =iy =5+ 2i, =7A (3.72)

So, the Norton generator consist of 7 A current source and 5 Q resistance.
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4. Capacitors and Inductors

4.1 Stored energy in capacitors

Calculate energy stored in each capacitor of the circuit shown in Fig. 4.1.

2mF
[l
[
2k
ATATATAY
L 5kQ S -
./- -\I -'f:: " -:'z {?_'
6 mA I.\i/. p 3 kQ s
’ 4 mF T

Figure 4.1 Circuit with capacitors

Solution

The DC model of the circuit is given in Fig. 4.2.
—Oo+ y —©

2kQ L
MMM
|
SKQ =
N 2, " =
6 mA '\_t/' S 3kQ 42 p:

W

Ll
=

==

>
-

_‘:jlr

Figure 4.2 DC model of the circuit

Using current division, the i current can be determined as

) 3
b=bypyg-2ma

Thus,
v; = 2000i =4V, v, =4000i =8V

Finally, the energy stored in capacitors is

w =1Cv2=1-2-10_3-16=16m]
1 2 1Y1 2

1 2 1 -3
Wy =5 Covf =5 4107 - 64 = 128m]
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4.2 Equivalent capacitance

Find the equivalent capacitance between a-b terminals of the circuit in Fig. 4.2.

5 pF 60 uF
[ [ -~
1l —a
Ceq
20 uF = 6 uF — 20 uF == —-—
o b

Figure 4.2 Calculating equivalent capacitance
Solution

2005 446420 =30uF -0 60
2045 H7 O T R0 60

4.3 Stored energy in capacitor and inductor

= 20 uF

Calculate the voltage across the capacitor, the current through the inductor and the energy
stored in the capacitor and inductor.

I 1Q 50
""-J'*‘."P"J""-a *"."Il"'r""'-a"ﬂ".'
‘ l i
L Z4Q
r(+ YH D
@ L[ s
Ve T 1F

Figure 4.3 DC circuit with capacitor and inductor
Solution

The DC model of the circuit is given in Fig. 4.4.

d 1Q 5Q
- A A ‘\ll‘l‘ .'._|1_.. \,.".,'I
] |
Py Z4Q o
2 o + \ "
12V TS + [
Ue @
_ T‘

Figure 4.4 DC model of the circuit in Fig. 4.3

The electric current in the single loop is

i=i=—" =24 (4.5)

and the voltage across the capacitor is
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ve=5i=10V (4.6)

Once we have the inductors current and the capacitors voltage we can determine the stored
energy in each storage element.

1 1

W =§Cv§ =5'1:100=50] (4.7)
1 1

WL=§Li5=§-2-4=4] (4.8)
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5. AC Solid State Analysis

5.1 Circuit impedance
Find the input impedance of the circuit in Fig. 5.1 when the angular frequency is 50 rad/s.

2 mF 02 H
o H 2113

3Q

10 mF
. I

Figure 5.1 Circuit for calculating impedance

8 Q

A

Solution

The part impedance of the 2-mF capacitor is

7 - 1 1
17 jwC ™~ j-50-2-1073

=—j100 (5.1)

The part impedance of the series 3-Q resistor and 10-mF capacitor is

22:3+

The part impedance of the series 8-Q) resistor and 0.2-H inductor is
Z;=8+jwL=8+j-50-0.2=(8+,10)n (5.3)
The total equivalent impedance of the circuit is
(3—-j2)(8+j10)

11+ /8

44 + j14)(11 —j8 5.4
=—j10+( 1]12):82 ])=—j10+3.22—j1.07 54

= (3.22 - j11.07) 2

Zinzzl+Z2 XZ3:_]10+

5.2 AC circuit analysis
Determine the v, (t) voltage of the circuit shown in Fig. 5.2 when the source voltage is
vs(t) = 20 cos(4t — 15°) V

60 €2
VW

C:) 10 mF ==

h
)
Sy,
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Figure 5.2 Circuit for AC analysis
Solution

Let’s transform the source voltage from time domain to frequency (or phasor) domain.
vs(t) = 20 cos(4t — 15°) - Vg =20 e/, (w = 4) (5.5)

To impedance calculation we need the reactance of the capacitor is

1 .
XC=R=25.(2—>ZC=—]25.(2 (5.6)

and the reactance of the inductor is
X, =wL=200->Z,=j200 (5.7)
The impedance of the parallel capacitor and inductor is

j20 - (~j25)

ZLC:ZL XZC: :]100!2 (58)

Now we can calculate the complex Vp voltage using voltage division

Z,c . Jj100 . .
Vo=Vy————=20e /1 ——— = ... = 17,15 /159 5.9
0= Ys80+2,, ¢ 60+,100 ¢ (5.9)
from which result the time varying function of vo is
vo(t) = 17.15 cos(4t + 15.96°) V (5.10)

Alternatively, we could use i.e. nodal analysis also for V calculation.

VS_Vo_V0_0+V0_0
60  —j25 20

— > Vo = 17.15 ¢/1596° (5.11)

5.3 AC nodal analysis

Find ix in the circuit shown in Fig. 5.3. The source voltage is vg(t) = 20 cos 4t V

10 £2 1H
v'-"v"r."-"ﬁ'v"-' '/-‘-."-t-'\j-‘.
fis ~..a
/—-\ ne . ;:;-:'

Figure 5.3 Example circuit for nodal analysis

Solution
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To transform the circuit form time domain to frequency domain we need the impedance
parameters of each circuit element on angular frequency of 4 rad/s.

1
ZC = —]R = —]25..(2 (512)

The complex voltage of the source is
V=20V (5.15)

The circuit in frequency domain is given in Fig. 5.4.

10 Q v Jj4 Q V;
_".-'I.I'v"-"-,"*",-'ﬁ_h_—.'-' (-E-ij-\xu-" - -
{
P . : =t
) | _25Q 21, <A 3 j2Q
L
Figure 5.4 The circuit in frequency domain
The nodal equation at node 1 (voltage Vi) is like this
20 - Vl Vl Vl_VZ . .
= - (1+j1.5)V, +j25V, =20 (5.16)

= +
10 —j2.5 j4
The nodal equation at node 2 (voltage V) and the Ohm’s on the 0.1-F capacitor is

L 22 @)L, =——>511V,+ 15V, =0 (5.17)
.
j4 j2 *~ _j25 1 2

21, +

(5.17) and (5.17) in matrix form

1+j1.5 j2.5]1[V1 20
= l l (5.18)
11 15 11V, 0
The solution, using Cramer’s rule
1+j1.5 j25
A= =15—-j5 (5.19)
11 15
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20 j2.5
A= =300 (5.20)
0 15
1+j1.5 20
A,= = —220 (5.21)
11 0
Thus,
Ay 300 .
V,=—= = 18.97 ¢/1843° 5.22
1A "15—/5 ¢ (522)
A, =220 .
V,=—"-= = 13.91 ¢/1983° 5.23
2=°A T 15-J5 ¢ (523)
and
%4 18.97 g/1843° .
o ¢ = 7.59 ¢/1084° (5.24)

I, = = —
¥ —j25 2.5e7J9
So, ix current in time domain can be written as in (5.25)

i, = 7.59 cos(4t + 108.4°) A (5.25)

5.4 AC mesh analysis

Determine current I, in the circuit of Fig. 5.5.

4 Q)
54 (}) ' = U244
_]109 1 N j20 1%

8Q \, @ = —j2Q

Figure 5.5 Circuit example for mesh analysis

Solution

Applying KVL we can write three mesh equations according to Fig. 5.5.

(8 + j10 — j2)I, — (—j2)I, — j10I; = 0 (5.26)
(4= j2 = j2I, = (—j2)I; — (=j2)I5 + j20 = 0 (5.27)
I;=5 (5.28)
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Substituting (5.28) into (5.26) and (5.27) we get
(8+j8)I4 + j2I, = j50 (5.29)
j2I1 + (4 —j4) I, = —j20 —j10 (5.30)

Written (5.29) and (5.30) in matrix form

8 + 8 j50
AL
j2  4—j4 —j30

and calculating determinants for applying Cramer’s rule in solution

8+j8 j2
A= =321 +)(1—j)+4 =068 (5.32)
j2 4—j4
8+j8 50
A,= = 340 — j240 = 416.17 e /3522 (5.33)
j2  —j30
Thus,
A, 416.17 e~J3522 .
= — = = . _]35'22 (534)
I, = =5 6.12 ¢
I, =—I, = 6.12 /14478 (5.35)

5.5 Superposition theorem in AC circuits
Find I, in the circuit of Fig. 5.5 using superposition theorem.
Solution

According to superposition theorem we take into consideration sources in the circuit
separately and Ip will be calculated as addition (superposition) of the part results as shown in
(5.36)

IO = 16 + IOH (536)

The effect of the voltage source will be calculated on the circuit shown in Figure 5.6.
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40
|
— —j2Q
T 10 Q .
Pj— (@) j20v
8Q = — j2Q

Figure 5.6 Effect of the voltage source

The impedance of the series 8-Q resistor and j10-Q inductor parallel to the —j2-Q capacitor is

_ —j2(8+/10)
T —j2+8+10

= (0.25 —j2.25 (5.37)
The part impedance calculated in (5.371 is connected series to the 4-Q resistor and —j2-Q
capacitor so the electric current can be calculated as

. j20 )20
4—j2+Z 4.25-j4.25

I, = —2.353 +2.353 (5.38)

The effect of the current source will be calculated on the circuit shown in Figure 5.7.

4Q
| 13 TIH
c N Q 1 _ 3 ?
SA -kL. - T2 Q
710 Q
2112 L

8Q 2 @ L _no

Figure 5.7 Effect of the current source

The mesh equations of the circuit are

I,=5 (5.41)

Substituting (5.41) into (5.39) and (5.40)
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(4— DI, +j21, +j10 =01, = (2+j2)I, -5 (5.42)
8+j8)[(2+j2)I,—5]—j50+;2I,=0 (5.43)

Thus,
I, = % = 2.647 —j1.176 (5.44)

But /, is opposite to Ip”, so
Iy =—1, = —-2.647 +j1.176 (5.45)
Finally, we calculate Ip as superposition of the part results
I, =1y + 1) =—2.353+;2.353 — 2.647 + j1.176 (5.46)
The Ip electric current is

I, = —5+j3.529 = 6.12 /14478 4 (5.47)
5.6 AC source transformation

Calculate Vi in the circuit shown in Figure 5.8.

50 1 J13Q
O-izov 0Q 2V,
2 j4Q -
|

Figure 5.8 Circuit for source transformation example

To solve the problem, we use source transformation to simplify the structure of the circuit so,
we transform the Thevenin generator to Norton generator a first. Then we calculate Z; as
shown in Fig. 5.9.

40 —j13 Q
3Q 1 &
—4A () 10Q 2V,
2/j4Q P=
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Figure 5.9

53 +j4)

= =25+jl. 5.48
1= gig — 25+i1250 (5.48)

Then, we transform the Norton generator to its Thevenin equivalent. Thevenin impedance is
the same as the Norton impedance. Thevenin voltage is calculated as (5.49).

Vo=Is-Z, =—j4(25+j1.25) =5—-j10V (5.49)
The result is shown in Fig. 5.10.

25Q j125Q 4 J13Q

A A STTR AA
YAYAVLY vl TATATAY,

+
. Y ey 2 <
S5-j1I0Vi(_) 10Q <V,
Figure 5.10 The circuit after source transformations
Applying voltage division for the circuit in Fig. 5.10
10 oo
V,=(5-j10) = 55197728V (5.50)

10 + 2.5+ j1.25 + 4 — j13

5.7 Thevenin equivalent in AC circuits

Find the Thevenin equivalent of the circuit in Fig 5.11 as seen from terminals a-b.

10 j3Q
I, l‘ l
(})15A 20 { 0.5I,
foa
—j4 Q
1 o b

Figure 5.11 Circuit for Thevenin equivalent calculation
Solution
We have to determine the Thevenin voltage and Thevenin impedance.

To obtain Vr, we use the circuit in Fig. 5.12.
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| ost, 4t3Q

Y
LA
2

o b
Figure 5.12 Finding Thevenin voltage
Applying KCL for node 1
15=I1,+05I,-1,=104 (5.51)

Applying KVL for the signed mesh

—1,(2—j4) +051,(4+j3)+Vy, =0 (5.52)
from which

Vi =102 — j4) — 5(4 +j3) = —j55 (5.53)

To obtain Zm, we remove the independent source (only!) as seen in Fig. 5.13.

4+ 3
4+53Q v, a I
{
+
- - A
= b
Figure 5.13 Finding Thevenin impedance
Applying KCL for the upper node
I

For convenience, we choose /s = 3 A and in this case lp = 2 A. Because of Ohm’s law we can
write (5.55).

Ve =TI,(4+ 3 +2 — j4) = 2(6 — )) (5.55)
Thus,
Ve 2(6—]
Z, =5 22070 4 hern (5.56)
I 3
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So, the Thevenin equivalent is determined by (5.53) and (5.56).

5.8 Norton equivalent in AC circuits

Obtain current I, in Fig. 5.14 using Norton’s theorem.

a
I [ Tl
s0 3 o P ea A
T s 2 2200
TATAVAY, || ,.!" T’
< 10Q :
20,90°v () =150
N C i <
= j4Q J;
I Wt
b

Figure 5.14 Circuit for Norton equivalent calculation

To obtain Zywe can use Fig. 5.15 that shows that Norton impedance is simply 5-Q.

a
2
et
{'i-
=
5 =
T
< .
—32
S -

L A AN
WY

ul
I

{ |:| E !_!'l'\.' l'ﬁ‘l,l.'\n,

— 4

)

b

Figure 5.15 Finding Norton impedance

To get the Norton current we use the circuit shown in Fig. 5.16.
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I, a I
l :
""""""""""""""" : N
f:.:: i I-} ff-i\' % :
5 = ) (U |
e | |
'3 S @ |
7+ 10= :
40 If '—‘\I ﬁ‘* | :
JH A=) I, e !
J4 'E; | :

Figure 5.16 Finding Norton current

Because the circuit contains a super mesh we can write two mesh equations
—j40 + (18 + j2)I, — (8 —j2)I, — (10 + j4)I; = 0 (5.57)
(13 —j2)I, + (10 + j4)I; — (18 +j2)I; =0 (5.58)
and the super mesh condition equation
I;=1,+3 (5.59)
Adding (5.57) and (5.58) equations we have (5.60)
—j40+5I, =01, =8 (5.60)
Substituting (5.60) into (5.59)
Iy=I;=1,+3=(3+j8)A (5.61)

The equivalent circuit of Fig. 5.14 is shown in Fig. 5.17.

a
I
< 20
o (D =5
3+j8 I'\_tf' <
= J15
b

Figure 5.17 Equivalent circuit

Applying current division for the circuit in Fig. 5.17
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B 5 ; _3+/8
T 5+20+415 Y 5+j3°

I, o= 1.46 /384" 4 (5.62)
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6. AC Power Analysis
6.1 Mean values of sinusoidal signals
Determine the mean values of a v(t) =V, cos wt voltage.
Solution

According to definition the simple mean can be calculated as given in (6.1).

T
|4 1fv(t)dt—ﬁf coswt dt =0 (6.1)
aws T T '

0

0

The absolute mean value is

T/4
4Vp sin wt|"/* 41/;, T 2 6.9
Vabs = flv(t)ldt—T/ fcosa)tdt_T o o :nggvp (6.2)
and the RMS or effective value is
1 avz [
Vims = ?fvz(t)dt = Tpfcosza)tdt (6.3)
0 0

By applying the following trigonometric formula of (6.4) for (6.3) we can write (6.5)

€0S 2 X= c0s?* X —sin? «

c0s? « +sin® x= 1

(6.4)
5 1+ cos2wt
c0s* X= ———
2
T/4
_ 41/,,2f 1+cos2wt | 4K FHsinZwt]”‘* _ W _% (6.5)
T 2 T 12 4w | 2 W2
0
Note the sinusoidal signal
V T
= = 1.11 (6.6)

Vabs 2\/_
6.2 Average power

Find the average power supplied by the source and the average power absorbed by the
resistor in the circuit of Fig. 6.1.
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I 4
40
A
<> - _2Q
V=5e30y

Figure 6.1 Circuit for AC power calculation
Solution

We need the electric current for the power calculation that is

V 5e37 5 e/30° .
=== = . > =1.118 e/5657°4 6.7
Z 4—j2 4472 e J2657 ¢ (6.7)
The average power of the source is
P=V-I-cos(py—¢@;) =5-1.118-cos(30°—56.57°) =5W (6.8)

The voltage across the resistor for its power calculation is
Vip=4-1=4472¢el5657"y (6.9)
and the dissipated power on the resistor is
Pr=Vp-1=4472-1118=5W (6.10)

Note that we can verify the result as the dissipated power on the resistor must be equal to
the real part of the total complex power in the circuit.

P=Re{S}=Re{V-I'}=--=5W (6.10)
6.3 Maximum power transfer

Determine Z; in the circuit shown on Fig. 6.2 to maximize the average power acting on it.
Calculate the value of this maximum average power.

40 j5Q

rs= VS 20
| > g ZL

”» % —j6Q

Figure 6.2 Circuit for maximum power transfer calculation

Solution

To find the optimal load impedance for maximum power transfer we need to find the
Thevenin equivalent of the active circuit connected to the load impedance. To determine the
Thevenin impedance we can use the circuit in Fig. 6.3.
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40 j5Q
'J"-_-"I"-\.-'."v'J"-_- f 'r -E- A
< - 80 Ly,
l
— j6Q

Figure 6.3 Finding Thevenin impedance

The equivalent impedance of the circuit in Fig. 6.3 is

: . ., 4(8—j6) .
ZTh :]5+4X(8—]6) =]5+12—_j6= (2933 +]4.4-67).Q (6.11)
For calculating Thevenin voltage we use Fig. 6.4.
40 j‘; 5'2

I ¥

e = 8Q ,
10V () Vi
— —j6 L)

9/

Figure 6.4 Circuit for calculating Vi,

Applying voltage division for the circuit

8—j6 i10.3°
VTh = 104-+8——]6: 7454 710>V (612)

The condition of maximum power transfer if the load impedance is equal to the conjugate of
the Thevenin impedance is

Z;, =Z7, = (2933 —j4.467) (6.13)
The maximum power can be considered in this case as in (6.14)

Vonl2  (7.454)2
- - = 2. 6.14
Frmax = gp =g 2033 ~ »368W (6.14)

6.4 Complex power

Find the complex and apparent powers, the real and reactive powers, the power factor and
load impedance if v(t) = 60 cos(wt — 10°) V, i(t) = 1.5 cos(wt + 50°) A

Solution

Complex voltage and current are shown in (6.15)

54



I. Gyurcsek — Electrical Circuit Exercises

1% 00 p-ior I 1> jsor (6.15)
= —e , = e .
rms \/i rms \/E
from which the complex power, according its definition is
60 . 1.5 . .
S=V,Iims = —= e 710" . — 7J50" = 45 ¢7J60° 4 (6.16)
rmsTrms \/7 \/E

Apparent power is an absolute value of the complex power
S=45VA (6.17)

To find the real and reactive powers we have to transform complex power from polar to
algebraic form.

S = 45e7/%%° = 45 cos(—60°) + j45sin(—60°) = (22.5 — j38.97) VA (6.18)
The real part is the active (real) power and the imaginary part is reactive power.
P=225W, Q = —3897VAR (6.19)
Finding the power factor
pf = cos(—60°) = 0.5 (leading = CAP) (6.20)

That is the leading (capacitive) power factor because the voltage is delayed to the current.
Finally, the load impedance is

V 60e /1% .
== — = —j60° 621
Z=1= "1 = 40e 0 (6.21)
This is a capacitive impedance because of its negative phase.
6.5 Power factor correction

Connected to a 230 Vrws, 50 Hz power line, a load absorbs 4 kW with a lagging power factor
of 0.8. Find the value of capacitance necessary to raise the power factor to 0.9.

Solution

The original power factor is given as cos ¢, = 0.8 the apparent power can be determined
according to (6.22)

_ P 4000
“cose, 08

S, = 5000 VA (6.22)

For the reactive power calculation we need the value of sin ¢;. According to the
trigonometric formula of

sina + cos?a =1 - sina =+ 1 — cos?a
sina =y1—-0.82=0.6

(6.23)
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So, the reactive power is
Q1 = S;sing, =5000-0.6 = 3000 VAr (6.24)
Our goal is to increase the power factor to 0.9 i.e. to reach the apparent power of

_ P 4000
“cose, 09

S, = 44444VA (6.25)

Finding total reactive power after compensation

sing, =+/1—0.92 = 0.43 (6.26)
and
Q, = S, singp, = 1937.15VAr (6.27)

To decrease the original reactive power from the value in (6.24) to the value in (6.27) we
need a capacitor with the opposite sign of reactive power, that is given in (6.28).

Q; = 0, — Q, = 3000 — 1937.15 = 1062.85 VAr (6.28)

Because the capacitor is connected in parallel to the load and it only has reactive power, we
can write (6.29).

Vims
= 6.29
0c =" (6.29)

Expressing the capacitance from (6.29) we get the necessary capacitance for the required
compensation of power factor.
Q¢ 1062.85

C = =
wV3iys 2m-50- 2302

= 63.98 uF (6.29)
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7. Three-Phase Circuits

7.1 Balanced wye-wye (Y-Y) connection
Calculate the line currents in the three-wire Y-Y system shown in Fig. 7.1.

5—-j20
a I 4

]
) ;
+

e -
() nos0°y

10+78Q
=N i
110/240°V () () 110/2120°V
, 5720 g 10480

c
| - |

_ 10 +/8Q
5720 J

]
| I

Figure 7.1 Three-wire wye-wye system

Solution

We can use the single phase equivalent circuit shown in Fig. 7.2 for our calculation because
system is balanced.

a i,, A
PN
Van I\-Tfl Ly
H N

Figure 7.2 Single phase equivalent circuit

The line current in Fig. 7.2 is

1, = VZ‘;” (7.1)

The total load impedance in each line is
Zy =(5-j2)+ (10 + j8) = 16.16 - £/21%° (7.2)

Thus, the line currents are the following
I, = % = 6.81 /218 (7.3)
I, =1, -2 = 681 /1418 (7.4)
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Ic = Ia ' e_j240° = 6.81" ej98'2° (75)

Note: Only I current is calculated using Ohm’s law because I, and Ic line currents have the
same values with phase delays of 120° due to the balanced conditions. It is written in (7.4)
and (7.5).

7.2 Balanced wye-delta (Y-D) connection

A balanced a-b-c-sequence Y-connected source with V,,, = 100 V supplies a A-connected
balanced load 8+j4 (1 per phase. Calculate the phase and line currents.

Solution 1

For convenience we transform the phase impedance from algebraic to polar form.
Z, = 8+ j4 = 8.944¢/2657° () (7.6)

Once we know the phase voltage on the source side we can obtain a line voltage that gives
the phase voltage on the load side hence the load is delta connected.

Van = 100 /1 > Vo = Vo V373 =V, = 173.2e/40°V (7.7)

Thus, the phase current on load is

Vg  173.2e/4%°

Ly =28 = = 19.36e/1343" 4 7.8
AB = Tz T 894412657 ¢ (7.8)

The load is balanced so the phase currents in phase b and c is given as simple rotation.
Igc = 1,5e771207 = 19,36 /106577 4 (7.9)
I, = IABej120" = 19.36/13343° 4 (7.10)

And the line currents will be the following.

I, = I;z\V3e773°" =19.36V3e7/1657" =33,53¢7/1657° 4 (7.11)
I, = I,e7/1207 = 33537713657 4 (7.12)
I, =1,e/120" =33.53¢/10343° 4 (7.13)
Solution 2

By taking advantage of the balanced condition, we can also use single phase analysis. Knowing
that the wye connected equivalent phase impedance is the third part of the delta connected
phase impedance, I, line current is given by Ohm’s law in (7.14).

Ven  100e71%

la= ZA/3 = 2.081¢/2657°

= 33.546e /1657 4 (7.14)

Other line currents are given by (7.12) and (7.13) in the same way, because of the balanced
conditions.
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7.3 Balanced delta-delta (D-D) connection

A balanced A-connected load, having an impedance of 20-j15 £}, is connected to a A-
connected, positive-sequence generator having Va,=330 V. Calculate the phase currents of
the load and the line currents in the circuit.

Solution

For convenience we transform the phase impedance from algebraic to polar form.
Z, =20—j15 = 25¢7/3687° (7.15)

The phase currents in each phase are given in (7.16), (7.17) and (7.18).
Vs 330

Lip = —— = 5e—jzea7 = 13.2¢7%°57" A (7.16)
R .

Ipc = IABe—j120" = 13.2¢7/8313° 4 (7.17)

I, = IABej120° — 13.2/156.87° 4 (7.18)

Knowing the phase currents, we obtain the line currents from (7.19), (7.20) and (7.21).

I, = I;pV3e 730" =13.2v/3e77687" = 22.86e /687" 4 (7.19)
I, =1,e77120" =22.86e/11313" 4 (7.20)
I, =1,e7120" =22.86e/12687° 4 (7.21)

7.4 Balanced delta-wye (D-Y) connection

A balanced Y-connected load is supplied by a balanced, positive sequence delta—connected
source. Calculate the phase currents if Zy = (40 +j25) Q, V,, =210V,

Solution

Once we know the line voltage, the phase voltage is wye connected and the balanced load is
given by (7.22).

Vap

7 e 130 =121.2- 730" (7.22)

Van =

Thus, I; phase current is

Vin 1212773

I, = = =257 7/6% 7.23
«= 7, T 4712 &3 ¢ (7.23)
From which other phase currents are
I, =1, -e77120° =257.p-J182° (7.24)
I, =1, e/120" =257.¢J58" (7.25)

7.5 Three-phase power in balanced system

Determine the total average power, reactive power, and complex power at the source and on
the load in the circuit shown in Fig. 7.3.
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5-j20
a I A
[ ] .
J L
(%) 1100°V

ey

A

110,/-240° V nif}jl (%) 110/120°V
/ \b 5-j2Q 5

10+ 8 Q

-’k‘x
\,

10 +;8 Q

10 +78 Q

Figure 7.3 Balanced three-phase circuit
Solution

According to Fig. 7.3 the phase voltage in phase a is given as (7.26).
V,=110V (7.26)

The equivalent impedance in each phase is built by the series connected line impedance and
load impedance. It is calculated in (7.27)

Z, = (5—,2)+ (10 + j8) = 16.16 - £/218° (7.27)

Thus, the line current can be calculated in (7.28).

110 .
= = . p—J21.8°
lo = Te7e i = 681 ¢ (7.28)

Knowing the phase voltages and phase currents on the source side (7.29) gives the total
complex power of the three-phase generators.

Se = =3V, I, = —3-110-6.81 - /218 = —(2087 + j834.6) VA (7.29)

Thus, the real part of this complex power gives the active power and the imaginary part gives
the reactive power.

Ps = —-2087 W, Qs = —834.6 VAR (7.30)
We need load impedance to calculate the power in polar form. This is given in (7.31).
Z, =10+ )8 =12.81-¢/3866° (7.31)
This, the total complex power of the balanced load is obtained from (7.32).

S, =312Z,=3-6.812-12.81-¢/3866" (7.32)
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Calculating the real and imaginary part of this complex power we get (7.33)
S, =1782-¢/3866° = (1392 +j1113) VA (7.33)
From which the total active and reactive powers on the load are
P, =1392W, Q. = 1113 VAR (7.34)
The complex power in the transmission line is given by (7.35).
S, =312Z,=3-681%2-(5—,2) =(695.6 —j278.3) VA (7.35)

According to Tellegen’s theorem the sum of the powers on the generator, transmission line
and load side must be equal to zero. If it is then that verifies our calculations.

7.6 Three-phase system with an unbalanced load

The unbalanced Y-load, shown in Fig. 7.4, has been supplied by the balanced phase voltage
system of 230 V phase voltages with the ‘a-b-c’ sequence. Calculate the line currents and the
neutral current. Z, =300, Zg = (15+,10) 2, Z, = (10 —j10) N.

I(J'

—- A

O

Figure 7.4 An unbalanced three-phase load
Solution

The voltage system is balanced and we can express the phase voltages in complex form.
Vv =230-e/%V, Vgy =230-e77120°Y, Vo = 230-e/120°) (7.37)

Applying (generalized) Ohm’s law the phase currents are the following. Because the load
system is unbalanced it is not enough to calculate only one phase current and apply rotation
on it. Each phase current has to be calculated separately.

—VAN—230—767A (7.38)
* 'z, 30 7 '

The current in phase ‘b" is the following.
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VBN _ 230 - e—j120°

I, = = 7.39
b7z, 15+ j10 (7:39)
230 - =/120° ,
— — . »—j153.69° _ (_ _
18.03 03367 12.75-e (1142 —j5.65) A
And the current in phase ‘¢’ is
Vv 230 - e/120°
1= = : (7.40)
Z; 10 —j10
230 - e/120° 1650
== Y = (— 1
1414 o )45 16.27 - e (-15.71+j421) A
Finally, applying KVL at node ‘N’ the neutral current is the following.
IL,=—U,+1,+1,)=(1946+j144) A (7.41)

7.7 Potential shift of neutral point

A balanced voltage system supplies the unbalanced load. The phase voltage of the source
system is 230 V with a phase sequence of ‘a-b-c’. Take Van as a reference and find the Vin
voltageif Z, =100, Zg =j200, Z, = —j1002, Z, =10 Q.

Figure 7.5 Three-phase system with a non-ideal neutral wire
Solution
A convenient way for calculating neutral voltage between the neutral nodes at source and
load side is applying Millmann’s theorem, given in (7.42).
Van Ya+Vpn Yp+ Ve Yc

Vy, = S 7.42
Nn Y, +Y;+Y.+Y, (7.42)

In this equation, admittances are used instead of impedances, so we calculate these elements
as the reciprocal of impedances. Results are given in (7.43).

Y,=0.1S5, Y; = —j0.05S, Y.=j0.15, Y,=01S8 (7.43)
Phase voltages of the balanced voltage system are expressed in (7.44).

Voo =230V,  V,,=230-e7/12°Y, V. =230-e/120V (7.44)
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Substituting voltage and admittance parameters into (7.42) the final result is given by (7.45)
Vyn = (—39.41 —j18.92) V - Vy,, = 43.71V (7.45)

The result in (7.45) shows the neutral potential shift is 43.71 V meaning that neutral point at
the load side has a reasonable voltage with respect to the generators neutral point even if the
neutral wire exists with a non-zero impedance. If no neutral wire is connected, i.e. Yy = 0 then
the neutral voltage from (7.42) was much higher.
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8. Magnetically Coupled Circuits

8.1 Mutual inductance

Calculate the phasor currents in the circuit of Fig. 8.1 if Vs =12 V.
o j3 Q

—j4 Q
! {
[

@) @ jss‘zg .ﬂsg‘z ﬁ) §12£z

Figure 8.1 Circuit with mutual inductance

Solution

The first loop equation on the generator side applying KVL in the first loop is

The second loop equation is

12 +j6)I
Substituting (8.2) to (8.1)
. . . 12 14.04°
(]2+4—]3)12:(4—]):12—)12:ﬂ:2.9181 ) (83)
Finally, /1 is derived from (8.2)
I, =2 —j&)I, = (2 —j4)2.91 e/140% = 4472 ¢7J6343" .2 9] £/14.04° (8.4)
thus,
I, =13.01 7749397 4 (8.5)

8.2 Energy in a coupled circuit

Determine the coupling coefficient in the circuit shown in Fig. 8.2 and calculate the energy
stored in the coupled inductors at t = 1 sif v = 60 cos(4t + 30°) V

25H
10 Q
o ﬂ
[ ]
y<:> SHS £ 4H — -F
[

Figure 8.2 Magnetically coupled circuit
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Solution

The coupling coefficient is defined as

Lo M 25 _ eo
= =—=0. 8.6
JLiL, 20 (8.6)

The value of 0.56 shows a rather loose coupling between the coils. Far from k = 1.

The angular frequency of the source voltage is 4 rad/s, so the first loop equation in the phasor
domain is

(10 + j20)I,; + j10I, = 60 /3% (8.7)
The second loop equation in the phasor domain is
j10I, + (j16 —j4)I, =0 - I, = —1.2I, (8.8)
Substituting (8.8) into (8.7) we have (8.9).
(=12 — j14)I, = 60 e/3*° (8.9)
Thus,
I, = 3.254 /1606 4 (8.10)
Now we can get I; from (8.8)
I, = =121, = 3.905 e /194 4 (8.11)

Transforming the phasor currents in (8.10) and (8.11) to the time domain we get the primer
and seconder currents as in (8.12) and (8.13).

I, = 3.905 77194 = i (t) = 3.905 cos(4t — 19.4°) (8.12)
I, = 3.254 ¢/1606° 5 j (t) = 3.254 cos(4t + 160.6°) (8.13)

For the energy stored in the two inductors we need to know their currents at t =1 s. For the
argument of the trigonometric part of (8.12) and (8.13) we get (8.14).

t=1s - 4t =4rad = 229.2° (8.14)
Thus, the instantaneous value of currents at t = 1 s are the following.
I; = 3.905c0s(229.2° — 19.4°) = —3.389 4 (8.15)
I, = 3.254 c0s(229.2° + 160.6°) = 2.824 A (8.16)
The total energy in coupled inductors is obtained from (8.17).
1 1

Substituting parameters, we get the total energy in joules as the following.
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1 1
w=>-5-(-3389)" +4-(2824)? + 2.5 (~3.389) - 2.824 = 20.73]

8.3 Linear transformers

Find the input impedance and current /; in the circuit shown in Fig. 8.3 when
Vg =50e/%°V, Z, =60—,1000, Z, = 30 + 402, Z, = 80 + j60 Q.

Figure 8.3 Linear transformer with source and loads.

Solution
The input impedance consists of two parts - the primary and the reflected (coupled)
impedance part as shown in (8.18).

w?M?
Z,, =12 jwL .
in=1Z; +jw 1}+{Z2+ja)L2+ZL} (8.18)
Substituting the parameters into (8.18)
Z,=Z,+j20+ > =60 —,100 + j20 + 25 (8.19)
n =TI vz, vz, JE2 110 + 140 '
thus,
Z;, = 60.09 —j80.11 = 100.14 ¢ ~/531° 0 (8.20)
The primary current is obtained in (8.21)
14 50 e/60° .
I, = — = 0.5e/1131° 4 (8.21)

~Z, 10014 e /53T

8.4 T-equivalent circuit of a linear transformer

Determine the T-equivalent circuit of the linear transformer shown in Fig. 8.4.

2H

Ly <k

a o O C
L ®

10H %4H
S E

b o od
Figure 8.4 Linear transformer
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Solution
To obtain the T-equivalent circuit of a linear transformer we use Fig. 8.5.

M
I I
1 m -
O O
+ ° ° +
‘\ -
Y Ly s % L, v
o o
o———TN 411A O
+ +
.
v, L. = \'A
O |/ O

Figure 8.5 Linear transformer and its T equivalent circuit

The equivalence parameters of the T-circuit are given in (8.22
L,=L,—M, L,=L,—M, Le=M

The self and mutual inductance parameters are given in Fig. 8.4.

L,=10H, L,=4H, M=2H
Substituting the parameters from (8.23) into (8.22) we obtain
L,=Li—M=8H, L,=L,—M=2H, Le=M=2H
The T-equivalent circuit of Fig. 8.4 is given in Fig. 8.6.

SH 2H
a o—ii——1—o c
2H %
b o o d

Figure 8.6 T-equivalent of Fig. 8.4
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9. Frequency Response

9.1 Transfer function for RC circuits

For the RC circuit, shown in Fig. 9.1, obtain the transfer function as Vio/Vs voltage gain and its
frequency response.

Figure 9.1 Low pass filter circuit
Solution

The transfer function as voltage gain is defined in (9.1).

Vo(w)
H(w) = (9.1)
Vs(w)
Thus, the transfer function for the circuit in Fig 9.1 can be written applying voltage division.
Y
wC
H(w) = ]1— (9.2)
R+ /ja)C
Simplifying (9.2) and introducing the wo break frequency parameter
1 1
H(w) = (9.3)

The transfer function is a complex function. To examine its frequency response, we need to
examine the amplitude and phase response separately, as written in (9.4) and (9.5).

1

H(w) = (9.4)
1+ (a’/wo)2
— —tan-1 w
¢ = —tan @ (9.5)

The magnitude response, according to (9.4) is shown in Fig. 9.2 and the phase response of the
transfer function, according to (9.5) is shown in Fig. 9.3.
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GW(]:% w

Figure 9.2 Low pass filter magnitude response

—45° f---

—090° oo
b Y

Figure 9.3 Low pass filter phase response

9.2 Transfer function for RL circuit

For the RL circuit, shown in Fig. 9.4, obtain the transfer function and its frequency response.

Figure 9.4 High pass filter circuit
Solution

The transfer function for the high pass filter circuit, shown in Fig. 9.4, is obtained using
voltage division. The result is in (9.6).
H(w) = 22 (9.6)
Y =Rl '
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Introducing the break frequency parameter, the transfer function becomes

)
J%/w, R
Hw)=——7—<wyg=— 9.7
To draw the frequency response of the given RL circuit we have to draw the magnitude
response and the phase response separately as we did previously in example 9.2. The results
are in Fig. 9.5 and Fig. 9.6.

Ha
l ___________________
0.707 r---f
|
i
i
i
i
0 _R w
wO_I
Figure 9.5 High pass filter magnitude response
b A

90° -

45°

0  _R 55
WD—I

Figure 9.6 High pass filter phase response

9.3 Transfer impedance, zeros and poles

Calculate the transfer impedance of Vy/l; and its poles and zeros for the circuit shown in Fig.
9.7.
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i(t)
—-

J |
| <10Q <6Q

PPN = =

vp(t) () ]
—01F 2H

|'

Figure 9.7 Circuit for transfer impedance calculation
Solution

The required transfer impedance, as a sort of transfer function, is obtained from (9.8). To
make the equation short and simple we applied a note of s=jw.

Vo(w) 10
Z(w) = - (10 + —) % (6 +25) = (10 + 10s~1) X (6 + 25) (9.8)
Il((l)) S
Evaluating the equation, we obtain the following.
_ 60+ 60s7'+20s+20 10(85+6+2s%)  (s®+4s+3) (9.9)
16+ 10s14+2s = 2(8s+5+s2)  s24+8s+5 '

Zeros are the roots of the numerator of (9.9).

512:—4i\/16—12:{—1—>zli1 (9.10)
Poles are the roots of the denominator of (9.9).
_ —8+v64-20 {—0.683 - p; = 0.683 (9.11)
$34 = 2 ~1-7.317 5 p, = 7.317 '
Thus, the transfer impedance with applied zeros and poles is given in (9.12).
Vy(w 10(s+1)(s+3
Z(0) = olw) 100G+ 1)(s +3) (0.12)
I;,(w) (s+0.68)(s+7.32)
9.4 Bode plots for transfer function analysis
Construct the Bode plots for the transfer function given in (9.13).
j200w
H(w) = (9.13)

(jw+2)(jw + 10)
Solution

The first step, for drawing magnitude and phase response in Bode plots, is to convert the
transfer function, given in (9.13) into ‘standard form’. In the standard form we need to have
only constant gain, zeros and poles at the origin, and simple and quadratic zeros and poles in
the transfer function. The standard form of (9.13) is given in (9.14).

200 jw

2-10'(1+j7w) (1+%) (9.14)

Thus, we have (9.15) for the magnitude plot and (9.16) for the phase plot from (9.14)..

H(w) =
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W W
Hyg = 20log 10 + 20log|jw| — 201log |1 +]7| —20log|1 +]1—0| (9.15)

W w
— o __ -1_ _ -1
¢ =90° —tan > tan 10 (9.16)

The magnitude plot of (9.15) and phase plot of (9.16) are given in Fig. 9.8 and Fig. 9.9.

The construction steps can be easily followed by the given dashed lines. The final results, i.e.

the sums of dashed lines, are given using continuous lines.

H(dB) A
(dB) 4 , 20 log,10

20 F-mmmm T T IO - o

TN
L 20 log;lj ol

0 I — L L | | >
01 02 P 2 T 10 °~-20 100 200~

1
B 201 - - w201 T
. Ogloh +jcu.f2| - RN Dg10|l+jw/10‘

Figure 9.8 Magnitude response in Bode plot

g Y

100 200

-90° |

Figure 9.9 Phase response in Bode plot
9.5 Bode plots for transfer function synthesis

Find the transfer function for the Bode plot, given in Fig. 9.10.

H A

40dBf-------- —20 dB/decade

»

\ i
+20 dB/decade |

—40 dB.f’decaclle

5 10 20 100w

0 ;
0.1 1

Figure 9.10 Bode plot example for transfer function synthesis

Solution
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The given Bode plot is started with a +20 dB/decade asymptote at low frequency so the
transfer function has zero at the origin.
iw(...)

H(w) = ](—) (9.17)

The gain at w = 1 rad/s is 40 dB thus a K constant is given by (9.18)

 w
40 dB = 201ogK — K = 100 - H(w) = 100 1% (9.18)

)

w =1 rad/s is a corner break point where slope changes from +20 dB/decade to zero, so w =1
rad/s is pole as expressed in (9.19)
0
022
1+jw)(..)

The next break point is at w = 5 rad/s where the slope changes from zero to —20 dB/decade,
so w =5 rad/s is pole. Thus, we have (9.20)

H(w) =10 (9.19)

Jjw
A1+jow)A+jw/5)(...)

w =20 rad/s is a pole frequency because the slope changes from —20 dB/decade to —40
dB/decade. Hence,

H(w) =100 (9.20)

Jjw
1+jo)A+jw/5) A+ jw/20)

H(w) =100 (9.21)
After simplification of (9.21) we have a transfer function as in (9.22). The formula is given
both in the frequency domain (as a function of w) and in the Laplace domain (as a function of
s, with s = jw substitution).

104w 10%*s

H) = Gt Do+ 500 +20) 1O =G DG +56 +20)

(9.22)
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10.Resonance Circuits
10.1 Series RLC circuit

Calculate the equivalent impedance, the circuit’s current, the power factor and draw the
voltage phasor diagram in the circuit, shown in Fig. 10.1.

R =120 L =0.15H C = 100uF
— ANANA—YN 1
i
I

A
-
Y
Vs = 100V, 50Hz
Figure 10.1 Series RLC circuit
Solution

For the impedance calculation we need to know the reactance of each reactive element.

X, =w-L=2m-50-0.15 = 47.13 0 (10.1)
1 1
T w-C 2m-50-100-10-°

Thus, the absolute value of circuit impedance is given in (10.3).

Xc = 31.83 1 (10.2)

Z=\R2+ (X, —X;)?2=19.40 (10.3)

Absolute value of circuit current is

—VS—100—515A (10.4)
Z 194 7 '
Thus, the voltage across the resistor is
Ve=I-R=515-12=618V (10.5)

and the voltages across the reactive elements are
V, =1-X, =5.15-47.13 = 242. 4V (10.6)
Ve=1-X;=515-31.83=163.5V (10.7)
The power factor of the circuit is given in (10.9)
pf =cosp = g = 0.619 (10.9)

from which we obtain the phase angle between the source voltage and the current.
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@ =518 (10.9)

Voltage across the inductor is higher than the voltage across the capacitor so the circuit is
inductive at the given frequency. The phase angle demonstrates the ‘lagging’ phase i.e. the
current is delayed to the voltage with the phase given in (10.9).

The phasor diagram of the examined circuit is given in Fig. 10.2.
Vo = 242V
A

Figure 10.2 Phasor diagram for circuit in Fig. 10.1

10.2 Series resonance

The series RLC circuit is given in Fig. 10.3. Calculate the resonant frequency, the current at
resonance, the voltage across the inductor and capacitor at resonance, the quality factor and
the bandwidth of the circuit. Also sketch the corresponding current waveform for all
frequencies.

=30 L =20mH C = 2uF

Y

f
I
—~—

V = 9volts

Figure 10.3 Series resonance circuit

Solution
The resonant frequency is given by the Thomson formula.

1 1
f = = =796 Hz (10.10)

2nvLC 2mv0.02-2-1076
Because the capacitor and inductor have the same impedance but the opposite sign, the
equivalent impedance is simply the resistance R, at resonance. Thus, the current in the circuit

is given by (10.11).

1=V 22 _300ma (10.11)
"R 30 ™M '
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The voltage across the resistor is 9 V, that is the source voltage because there was no
‘common’ voltage drop on the series connected LC elements at resonance. To obtain
individual voltage across the inductor we need to know the inductive reactance.

X, =w-'L=2m-796-0.02 =100 (10.12)

The capacitive reactance has the same value at resonance, so there is no need to calculate
the voltage separately across the capacitor.

Vi (=V.)=1-X,=03-100 =30V (10.13)

The quality factor of the circuit is given by (10.14).
X, 100

R 30
Please note that the voltage across each of reactive elements in series resonance can be
higher than the source voltage itself depending on the ratio of reactive and resistive

impedances. The ratio of reactive voltage to the source voltage is the quality factor itself.

3.33 (10.14)

The bandwidth, according to its definition is given by (10.15).

BWzﬁzﬁz 238Hz (10.15)
Q 3.33
Thus, the lower and upper cut-off frequencies are the following.
fL =ﬂ—%BW=796—¥=677Hz (10.16)
fu :fr+%BW=796+Zzﬁ=915 Hz (10.17)

The circuit current for all frequencies is shown in Fig. 10.4. The value of electric current at cut-
off frequencies can be calculated as in (10.18) because the electric power is half its maximum
value at cut-off frequency.

I
Lut—off = \/_TE =0.707 - 300 = 212 mA (10.18)
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—

A
300mA |-—-————————
|
|
|
, |
212ma |--28 ___ 1 _
|
| | |
| | |
| | |
| ' |
| BW= |
I 238Hz !
-~
| | |
| | |
| | |
| | |
0 : >
| F(Hz)
I Jr Ju

677Hz 796Hz 915Hz
Figure 10.4 Circuit current vs. frequency in series resonance circuit
10.3 Parallel RLC circuits

Calculate the [s, Ig, Ii, Ic, Z, and the phase angle for the circuit, shown in Fig. 10.5. Construct
the current and admittance triangles representing the circuit.
Vs = SOV

IR I|_ * IC.
100Hz

@ R =500 L=20mH === C=5uF

-

Figure 10.5 Parallel RLC circuit

Solution

According to the parallel connected circuit elements each branch has the same voltage, that
is, Vs. To obtain branch currents we need to know the absolute value of impedance elements,
i.e. the reactance of both reactive elements.

X, =w-'L=2m-100-20-10"3 =126 (10.19)
1 1

w-C 2m-100-5-107°

Thus, the absolute value of circuit impedance is given by (10.21)

X = = 31831 (10.20)
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1
T T 1 e e (10.21)
j(%) +(X1L—Xic) \[(m) + (176~ 3183) |

The branch currents are the following

=2 = = 10.22
k=g =5 =14 ( )
L =Y5_230 394 (10.23)

L7x, 126 7 '
=029 _6oma (10.24)

cTx. 3183 ™ '

and the current flows through the source is

I = \[1,% +{,—1)2=--=3874 (10.25)

For the phase angle calculation, we use admittance parameters instead of impedances. The
conversions are given in (10.26), (10.27), (10.28) and (10.29).

G—1—1—20 S (10.26)
“RTs0 T '
B, =~ =— —goms (10.27)
LTX, T126 O™ '
Be= - =3ms 10.28
c=x."3183 "™ (10.28)
R (10.29)
“Z 1277 %m '

Thus, the phase angle between the source voltage and source current can be calculated as in

(10.30).
=== 20 = 0.256 - ¢ = 75.3° (10.30)
cos ¢ 3 . [0 : :

Current through the inductor is higher than current through the capacitor, so the circuit
shows inductive behaviour at the given frequency. Circuit current is delayed to the source
voltage by the phase angle, given in (10.30).

Current and admittance ‘triangles’, representing the circuit, are given in Fig. 10.6.
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Bo=3.0mS

A

G=20mS
75.3°

Y=78mS

(IL- 194 (BL-Bc) _

Is=387A Y

IL=39A BL=80mS

Current Triangle Admittance Triangle

Figure 10.6 Current and admittance diagrams
10.4 Parallel resonance

Find f, Q, BW, the circuit current at resonance and current magnification for the circuit,
shown in Fig. 10.7.

V. =100V

= R=600 L=200mH C =120uF

Figure 10.7 Parallel resonance circuit
Solution
The resonance frequency is obtained using Thomson’s formula in (10.31).
1 1
" 2nVLC  2my/0.2 1201076

For calculation of the quality factor we need to know the inductive (or capacitive) reactance
at the resonance frequency.

£ =325Hz (10.31)

X, =w-L=2n-325-0.2=4081 (10.32)
Thus, the quality factor is

=147 (10.33)

79



I. Gyurcsek — Electrical Circuit Exercises

and the bandwidth is

BW = fr_325_ 22 H (10.34)
Q0 147 te? '
The lower and upper cut-off frequencies are given from resonance frequency and bandwidth,

as calculated in (10.31) and (10.34)

1
fL="1 _EBW =325—-11=215Hz (10.35)
1
fu=/f+ EBW =325+ 11 =435Hz (10.36)
Circuit current at resonance frequency is
_5_19_ 674 (10.37)
STRT 60 '

Current magnification is calculated with resonance current and quality factor as in (10.38)
Iyac =015 =147-1.67 =245A (10.38)

Calculating the value of inductive (or capacitive) current at resonance, gives us the same
value.
Vs 100

[[=—=——=2454 :
L7 X, 408 (10.39)
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11.Multi-Wave Signals and Circuits

11.1 Fourier analysis for square wave signal

Determine the Fourier series of the waveform, shown in Fig. 11.1. Calculate the amplitude
and phase spectra.

S A

1

-2 -1 0 1 2 3
Figure 11.1 Square wave signal
Soution

The square waveform, given in Fig. 11.1, can be expressed in formula (11.1)

0<t<1

1,
f©) = {0, 1<t<2 (11.1)
Period is 2 s, thus the fundamental angular frequency is
21
wo="r=n (11.2)

Using the Fourier analysis, we determine Ao, A« and By coefficients. The DC component (AO) is
givenin (11.3)

T 1 2
Ay = %ff(t)dt :% fldt + f 0dt =% (11.3)
0 0 1
Amplitude of cosine components in the Fourier series are
T 1 2
A = ;ff(t) cos kwyt dt =§ f 1 cos knt dt + f 0 cos kmt dt (11.4)
0 0 1
Evaluating (11.4) we find no cosine components in the Fourier series.
A, = isin km=0 (11.5)
km

Amplitude of sinusoidal components in the Fourier series are

T 1 2
2 2
B, = Tff(t) sinkwytdt = > f 1sinknt dt + f 0 sin kmt dt (11.6)
0 0 1
Evaluating (11.6) we can write (11.7).
—cos kmt|* 1
_ —( 11.7
x el kn( coskm + 1) (11.7)

Because cos km gives-1 for odd and 1 for even numbers we can write it as in (11.8).
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2 _
/kn k = odd
B, = (11.8)
0 k = even
Thus, the Fourier series by the coefficients given in (11.3), (11.5) and (11.8)
(t)—1+2' t+2'3t+2'5t+2'7t+ (11.9)
f(t) = 5t osinmt +o—sin 3wt + o sinSut + —sin 7w .
or, written in short
(t)—1+2§:1 [ t =2i—1 11.10
f =5 n'lnsmmt, n=2i (11.10)
1=

To obtain the spectra of the square waveform we must find Cx and ¢k parameters. As no A
coefficients exist in the Fourier series, Cx simply equals to Bx and ¢« = 0.

11.2 Fourier analysis for saw wave signal

Obtain the Fourier series for the periodic function in Figure 11.2 and plot the amplitude and
phase spectra.

J()

AU A

-2 -1 0 1 2 3 ¢

Figure 11.2 Saw wave signal
Solution

The f(t) function, represented in Fig. 11.2 is given in (11.11)

_(t 0<t<1
f(@® —{O l<t<2 (11.11)
Because the period is 2 s (see Fig. 11.2), the fundamental angular frequency is
21
wo :T:n (11.12)

Determining the Fourier coefficient Ao, that is, the average value of f(t) we obtain the
following.

1

T 2
A—lf (1:)dt—1 ftdt+f0dt —1t21—1 11.13
o=7)/ T2 22| 4 (11.13)
0 0 1 0
A coefficients can be obtained from (11.14).
T 1
2 2
A :?ff(t) cos kwyt dt =3 ftcoskntdt+0 (11.14)
0 0

Thus, the result is the following.
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A, = [#cos kmt + %sin knt] : = kzlﬂz (coskm—1) = % (11.15)
Bk coefficients can be obtained from (11.16).
T 1 2
B, = ;ff(t) sinkwyt dt =§ ftsin kmt dt +f05inkm: dt (11.16)
0 0 1
Thus, the result is the following.
By = [#sin knt — %cos knt] : =0-— CO;:H = (_]BTHI (11.17)

By substituting the calculated coefficients (11.13), (11.15), (11.17) into the formula of the
Fourier series, gives us the result in (11.18)

®) 1+§:(_1)k_1 k1:+(_1k+1 in kit (11.18)

=— ————cCoS ———sin :
f . - (km)? T km T
l=

Finally, we must find the Cx and ¢}, parameters for plotting the amplitude and phase spectra.
For even components

1
Ak ZO,Bk =—E<—k=2,4, (1119)
thus,
1 1 ..
Ck:Ak_jBkzo‘l'jE:Ee]go —k=24,.. (11.20)
For odd components
2 1
Ak:_(kT)z’Bk:EPk:Lg’m (11.21)
Thus,
) 2 1 .
Ck:Ak_]Bk:_(kT)Z_]E:Cke](pk(_k:1’3"" (1122)

Transforming algebraic form to polar form, we obtain

4 1 Ja+(kn)?
Ce = |A2+BE = =
k F j(kn)4 + (k)2 (km)? «~k=1,3,.. (11.23)

km
@, = 180° + tan™?! >

Calculating amplitude and phase values from (11.20) and (11.23) we can plot the spectra as
shown in Fig. 11.3 and Fig. 11.4.
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Ay A 038

0.16
0.11
0.08
| 0.06 9 05
L

0 7 2w 3w 4w Swm 6m 9w

L.
>

Figure 11.3 Amplitude spectra of the waveform in Fig. 11.2

b A
2?00 _23? 80 2580 26270

1807

00 L 90° 90° 90°

L.
>

0 a7 2w 37w 47 57 67 @

Figure 11.4 Phase spectra of the waveform in Fig. 11.2
11.3 Circuit analysis with square wave excitation

Find the vo(t) response voltage across the inductor for the circuit shown in Fig. 11.5 if the
source voltage is given as in (11.24), that is, the Fourier series of square wave signal.

5Q
A A A S—
_|_

50 () 2H j 5, (1)

Figure 11.5 Circuit with square-wave source

1 2v1
vs(t) ==+— ) —si t, =2k—-1 11.24
s (t) 5 7Tznsmmr n ( )
k=1
Solution
For the n-th harmonic (that is sinusoidal time varying function) we can use the method of
circuit analysis in the phasor domain i.e. we simply apply the voltage division formula
Jjw,L j2nm

Vo), =V —2 =V, —— 11.25
on = ISR 4w, LT M5+ j2nm ( )
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Wy, =MW =N"T (11.26)
Substituting each phasor component separately from (11.24) into (11.25) we obtain each
phasor component of voltage across the inductor.

Forn =0, i.e. for the DC component of the excitation
1
VSO = E - VOO == O (1127)

For the calculation of the n-th harmonic of the output voltage we transform sinusoidal
components in (11.24) to cosine for convenience. The result is given in (11.28).

1 21
ve(t) ==+ —z —cos(nmt — 90°), n=2k—-1 (11.28)
2 n
k=1
The n-th component in (11.28) in the phasor domain is obtained in (11.29)
2 —j2

Vg, =—e /%0 = — 11.29
ST nm ( )
The n-th harmonic of the output voltage from (11.25) and (11.29) is

—jt _1271_71'

vV, = =
"7 nm 5+ j2nw T 25 + 4n?n?

Transforming the results in (11.27) and (11.30) into the time domain gives us the output
voltage as a sum of the harmonic components.

2nm
nmt — tan™?! —), n=2k-1 (11.31)

< 4
v, (t =O+Z—cos<
o(t) i \/25 + 4n?n? 5
k=1
Thus,

vo(t) = 0.50 cos(mt — 51.5°) + 0.2 cos(3nt — 75°) + 0.13 cos(5nt — 81°) + -+ (11.32)

11.4 Average power in multi-wave circuits

Determine the average power supplied to the circuit in Fig. 11.6 if the current source provides

a time varying signal, approximated as in (11.33)

Note: The Fourier series of the multi-wave current is approximated with its first 3 components
for convenient calculation only. The approximation of a definite (few) number of components
is often used in practice and can be justified by the convergence criteria of the Fourier series
because its higher number component has a lower amplitude.

_|_

i(7) (D v() 210Q == 2F

Figure 11.6 Circuit example for average power calculation
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i(t) =2+ 10cos(t + 10°) + 6 cos(3t + 45°) A (11.33)

Solution
For average power we know the current, given in (11.32) and the multi-wave voltage has to
be determined. For this calculation the circuit impedance at a certain frequency is

Z=10 =
— X —
j2a) 1 +j20(1)

(11.34)

and the voltage is
o 1wr 101
1420w 1+ 40002 ejtan~1200

We have three components if the multi-wave current in its Fourier series and voltage
components can be obtained as the following.

V=IZ

(11.35)

w=0o1,=24->V=2-10=20V (11.36)
. 10- 10 e/10° .

- — 10 /10 _ _c 77140
w=1-1,=10e/1" >V a0 S5e 1% (11.37)
o 10 - 6 e/*>° 14050
w=3-1;=6 el sy = =1e /4405°y (11.38)

1+ 3600 ejtan~160
Voltage v(t) is the outcome of (11.36), (11.37) and (11.38).

v(t) = 20 + 5cos(t — 77.14°) + 1 cos(3t — 44.05°) V (11.39)

The total average power is the sum of the average power of each component.

1 [ee]
P=Volo+5 ) Vhly cOS(@un — @) (11.40)
n=1
By substituting the appropriate current and voltage components into (11.34)
5-10 1-6
P=20-2+ 3 cos(—77.14° — 10°) + — cos(—44.05° — 45°) (11.41)
P =404 1.2474+0.05=413W (11.42)

An alternative way for average power calculation is through knowing that the average power
is dissipated on the resistor only. Knowing the resistors’ voltage for each component gives us
(11.43).

V°2+1 Vi2—400+125+11—4O+125+005—413W
R "2Z/R 10 210 210 ' R {143)

l

Of course, the result is the same as in (11.42)
11.5 RMS value of a multi-wave signal

Estimate the RMS value of the voltage given by the Fourier series expansion in (11.44)
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C 21" |
v(t) =1+ Z 172 (cosnt —nsinnt)
n=

Solution

The Fourier coefficients in function (11.44) are the following

2(—=1D)" 2n(—1)"
Ay =1, A, = ——, =_ 7
0 K™ 14+ n2 k 1+ n?
For the RMS value we need C, and ¢.
2(-" _1 Bk _
Ck: Ai-i—B,E:ﬁ, (pkztan 1 A—k:ta’l’l 1Tl
Thus,
) 1+i 21" (nt + tan~1 n)
v(t) = ———cos(n an™n
n=1\/1 + n?

v(t) =1—1.41cos(t +45°) + 0.89¢

os(2t + 63.45°)

—0.63 cos(3t + 71.56°) — 0.48 cos(4t + 78.7°) + ---
The RMS value of the multi-wave signal, given in (11.45) is

~ j12 + % [(—1.41)? + (0.89)% 4+ (—0.63)? + (—0.48)2 + ---

=+V2.72=165V

Comment

(11.44)

(11.45)

(11.46)

(11.47)

(11.48)

(11.49)

Without giving details, the original function for the Fourier analysis was the function

described in (11.50)

et

v(t) =

: , —nt<t<m,
sinhw

v(t(=v(t+T)

(11.50)

The RMS value of this time varying function is Vs = 1.776 V. We approximated the
function with its first five components only, so the estimation in (11.49) is good enough.
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12.Two-Port Networks

12.1 Impedance or open circuit parameters

Determine the impedance parameters of the T-section circuit shown in Fig. 12.1.

20 Q 30 Q
O AN WY O
§ 40 Q
O O

Figure 12.1 T-section circuit

Solution

The impedance characteristic of a two-port network is described by (12.1) and (12.2)
equations.

V1 = 21111 + 21212 (121)
Vz S 22111 + 22212 (122)

From these characteristic equations, the open circuit input impedance (z11) and open circuit
transfer impedance (z21) can be determined using the circuit in Fig. 12.2.
IL=0

. 200 30Q <2

VWA MWW——0
+

\/ 40 Q v,

O

Figure 12.2 Open output condition

Thus,
|4 I,-(20 440
Ll _, I,
_ Vz _ 11 * 40 _
Zn =7 =—7 = 400 (12.4)
1 I,=0 1

From (12.1) and (12.2) the characteristic equations for open circuit output impedance (z22)
and open circuit transfer impedance (z12) can be determined using the circuit in Fig. 12.3.

88



I. Gyurcsek — Electrical Circuit Exercises

I.=0 _ - I'j
Lo 20Q  30Q
O AW ANNN———0—
_|_

v, §40 Q @)

'
UF

@)

Figure 12.3 Open input condition

Applying the open circuit conditions, gives the following results.

Vl 12 " 4’0
Zi =7 =—7 = 400 (12.5)
2 1,=0 2
14 I, - (30 + 40)
Zyp = =2 =700 (12.6)
L1, _ I,

Thus, the impedance matrix for the T-section circuit in Fig. 12.1 is

60 40
40 70]'(2

Because the transfer impedances are equal to each other, i.e. z;, = z,, the circuit is
reciprocal.

7 = [ (12.7)

12.2 Hybrid parameters
Determine the hybrid parameters for the T-section circuit, shown in Fig. 12.4.

2Q 3Q
e AAA" MW )

6 Q

VW

Figure 12.4 T-section circuit

Solution

The hybrid characteristic equations are given in (12.8) and (12.9).
Vl = hllll + h12V2 (128)
12 = h2111 + h22V2 (129)

Applying the short circuit condition, shown in Fig. 12.5, h11 parameter can be determined
from (12.8).
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20 30 I,
AN AN —

_|_
L Cf) Vi § 6 L2 V,=0

Figure 12.5 Short circuit output condition

From (12.8) we can write

V1 = h1111 + h12 0 (1210)
thus,
v,
h11=1— =(2+3)x6=41n (12.11)
1 V2=0

To find hy1 we can write the current division for the circuit in Fig. 12.5.

I 6 I, = 21 (12.12)
2764317311 '
Thus,
I, 2
hy, = A =3 (12.13)
1 V2=0

Now we calculate h1, by applying the open input condition, using the circuit in Fig. 12.6.

=0 »q 30 I

L — e E—

o AMAN—T—AMA o
+

v, §6 Q CD v,
5 v

Figure 12.6 Open input condition

Using voltage division we can write the following
6 2

V, = P 3V2 = §V2 (12.14)
Substituting 12.14 into 12.8 gives us the hi, parameter
h,; = 4l -2 (12.15)
v, 14=0 3

Applying KVL for the loop in Fig. 12.6

thus,
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hy, = — ==S5 (12.17)
In the hybrid matrix some parameters are measured in siemens, some of them in ohms and
others have no dimension, according to whether they are mixed or hybrid parameter sets.
12.3 Two-port network analysis

Find /7 and /2 in the circuit in Fig. 12.7.

I, I,
—_— .
N z,, =40 Q -
N z,,=720Q i :
100 V <,> v 127 /=0 v, § 10 Q
! z2,,=j30Q :
— Z:: =50 g) —_

Figure 12.6 Network with z parameters

Solution

First of all, we identify the circuit in non-reciprocal form because transfer impedances are not
equal to each other as z12 =j20 Q and 721 = j30 Q.

The impedance characteristic equations are the following.
V, =401, + j20I, (12.18)
V, =j30I; + 501, (12.19)
Applying the input and output conditions as seen in Fig. 12.6, we can say
V,=100,V, = —-10I, (12.20)
And substituting (12.20) conditions into (12.18) and (12.19)
100 = 401, + j20I, (12.21)
—10I, = j30I, + 501, = I, = j2I, (12.22)
Because /1 is derived from (12.22), we substitute this to (12.21) and /; can also be expressed.
100 = j80I, + j20I, - I, = —j A (12.23)
Finally, the value of 11 from (12.22) is

12.4 Admittance or short circuit parameters

Determine the admittance parameters for the two-ports shown in Fig. 12.7.
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2i
—
i ] ]
. OS82 4Q
o, ATATAVAY ATATATAY O
§ 20Q
o, O

Figure 12.7 Circuit with dependent source
Solution

The admittance characteristic equations are given in (12.25) and (12.26).
I, =y1.Vi +y12V> (12.25)
I, =¥V + 2.V, (12.26)
Input admittance from (12.25) with the applied short circuit condition at output is

(12.27)

8 Q) 1AV, 40 D
— A —— e AMA—
-+ Y +

(d) v 20 V,=0

Figure 12.8 Short circuit output condition

The KCL node equation for node 1 isin (12.28).
V1 - VO VO VO - 0
—— =2, +—=+

8 ) 4
Because /1 flows through the 8-Q resistor we can substitute this condition into (12.28).
Vl - VO Vl - Vo V1 - VO 3V0

8 8 8 4
After sorting and simplifying (12.29) we can write the following.

(12.28)

I, = (12.29)
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Vl - Vo 3V0
0= 12.30
s 2 ( )

Substituting V; from (12.31) into the (12.29) input condition
Vi-Vy —5Vp—V,

I =— 3 = —0.75V, (12.32)
And finally, the short circuit input admittance parameter is
I, -0.75V,
Vi1 :V_IZTVO: 0.15S (12.33)

Now, we continue with a calculation of the y,; transfer admittance. From (12.26) the
characteristic equation y.; is expressed with a short circuit condition as in (12.34).
I,

Y21 =3

(12.34)
Vl V2=0

The circuit we examine is the same as it was in the y17 calculation because the short circuit
output is the same condition. Thus (12.31) and (12.32) are still valid calculations for V; and /3.

Applying the KCL for node 2 in the circuit shown in Fig. 12.8 gives us (12.35).
VO - O

Substituting /; from (12.32) into (12.35)

%+ 2-(=0.75V,) = -1, = —1.25V, (12.36)
thus,
I, 125V,
Ya =y = ey T —0.25S (12.37)
The next admittance parameter we determine is the yi, transfer admittance.
I
Yiz = V_2 Voo (12.38)

The short circuit input condition is applied which gives us the circuit in Fig. 12.9.

21,
—

Il . ~

> 8Q 14V, 4Q 12

3
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Figure 12.9 Short circuit input condition

Now, KCL for node 1 looks like this

0 - VO VO VO - VZ
=2I, +—+4+—*= 12.39
5 1t ( )
And the input condition is the following
0-Vv
I, = - 0 (12.40)

By substituting (12.40) into (12.39) we get
_VO _ZVO VO VO - VZ
_ 7o '2 12.41
3 s t3 2 ( )

From which we can express voltage V> as in (12.42).

O == _VO + 4V0 + ZVO - 2V2 - VZ == 2.5V0 (1242)

Finally, from (12.40) and (12.42) we have the transfer admittance we are looking for.

11 - V0/8 ( )
=—= =—0.05S 1243
Y12 =y = sy,
The last admittance parameter, we have to find, is the short circuit output admittance.
I,
Y22 =5~ 12.44
2=y, vso ( )

We use the same circuit, shown in Fig. 12.9, because of the same short input condition, so
(12.40) and (12.42) are still valid.

Applying KCL for node 2

V —
_04 2420,+1,=0 (12.45)

And substituting V2 and |1 from (12.40) and (12.42) into (12.45)
Vo - (Z.SVO) VO _

—h=—(f——2¢= —0.625V, (12.46)
Thus,
I, 0.625V,
Y22 :V_ZZTVO: 0.25S (12.47)
The admittance matrix for the circuit in Fig. 12.7 is the following.
v=[lo2s 025 1248

We see that y,, # ¥4 50, the circuit is non-reciprocal, according to the dependent generator
applied to it.

12.5 Transmission parameters

The transmission parameter set of the two-port network shown in Fig. 12.10 is given as the
following
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T =

4 200
l l (12.49)

01S 2

The output port is connected to a variable load for maximum power transfer. Find R, and the
maximum power transferred.

10 Q

50V (7] R;

Figure 12.10 Two-port with transmission parameters
Solution

Our task is to determine the load resistance for maximum power transfer, so we have to
determine the Thevenin equivalent circuit, connected to the load. So, the Zr, impedance and
Vi voltage have to be calculated first.

Transmission characteristic equations are the following, with substitution of (12.49) the
transmission matrix.

For Thevenin impedance calculation we first make the circuit energy-free by substituting the
50-V source with a short circuit. By applying this condition on the input side we can write
(12.50) the following.

V, =-10I; - —10I, = 4V, — 201, (12.52)
From which /; currentis
I, = —0.4V, +2I, (12.53)
The right side of (12.50) is equal to the right side of (12.53). Thus,
0.1V, — 21, = —0.4V, + 2I, - 0.5V, = 41, (12.54)
From (12.54) we can express the Thevenin impedance.
vV, 4

Z = = — =
Th =1, " 05

Now we can determine the Thevenin voltage as the voltage measured between the open
output terminals of the circuit, as shown in Fig. 12.11.

8.0 (12.55)
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_ =0

10 Q ﬂ__ C—
— \WW—0—— EE—
+ +

Figure 12.11 Circuit for Thevenin voltage calculation

According to the circuit in Fig. 12.11 the input and output conditions are given in (12.56). as
the following.

The transmission parameters of the two-port circuit is given by (12.50) and (12.51) as the
following. From (12.50) and (12.56) we can write

50 - 101, =4V, (12.57)
And from (12.51) and (12.57) we can write

Thus, we have the Thevenin equivalent circuit as shown in Fig. 12.12.

RTh
AN O

VTh C—’__ Z RL

Figure 12.12 Thevenin equivalent circuit

For maximum power transfer the optimal load is given by (12.59).
RL == ZTh == RTh = 8.(2 (1259)

The value of that maximum power is

100
—— =3.125W (12.60)

VTh)Z- ::VLZh':
L™ 4R, " 4-8

P=1%-R =<—
L7 \2R,

12.6 Two-port interconnections

Find the y parameters of the two-ports in Fig. 12.13.
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j4s
I
|

2S 3S

M
48 |

2528 _,iGS%

Figure 12.13 Parallel connected two-ports

L

Solution

The admittance characteristic is given by (12.61) and (12.62).
I =y,Vy +y1,V2 (12.61)
I, =y,\Vi+ ¥V, (12.62)

As shown in Fig. 12.13, the T]-section circuits are connected in parallel. The admittance
matrix of each is given in (12.63) and (12.64).

_[2+j4  —j4

Yo=|"_j 3+].4] (12.63)
[4-j2 -4

Y, _[ 4 4_].6] (12.64)

Because of the parallel connection, the equivalent admittance matrix is the addition of the
component admittance matrixes.

Y=Y, +Y, (12.65)
Thus,
C[24j4 —j4] . [4-j2 -4 1 _[6+j2 —4—j4
Y_[—j4 3+j4] [—4 4—j6]_ —4—j4 72 (12.66)

12.7 Wave impedance

Calculate the wave impedance of the symmetric T-section shown in Fig. 12.14.

3Q 3Q
o AVATAYAY AAAA" O
§6Q
O O
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Figure 12.14 T-section circuit
Solution 1

According to the definition of wave impedance we have to determine the short circuit and
open circuit input impedance.

Z,=3+3x6=3+-C=50 (12.67)
= X = _— = .
s¢ 346
Thus, wave impedance is
ZO - W,ZSC .ZOC - V4’5 == 3\/§Q (1269)

Solution 2

If the symmetric two-port is terminated by its wave impedance, the input impedance will also
be equal to the wave impedance. Thus, another way for calculation is in (12.70).

18 + 6Z,
9+2Z%,
When eliminating the denominator in (12.70) we get the following.
27 +3Zy+ 18 + 6Z, =9Z, + Z% (12.71)
45 =72 - Z, =45 = 3V5 0 (12.72)

This calculation gives the same result as we already determined in (12.69)

12.8 Bartlett’s bisection theorem

Calculate the wave impedance and Z parameters of the symmetric T-section using Bartlett’s
theorem. The T-section circuit is given in Fig. 12.14.

Solution

When applying Bartlett’s bisection theorem, we can simplify things by using the half-network
as shown in Fig. 12.15.

30
c MW

§129

Figure 12.15 Half-network of the T-section

o,

The short circuit input impedance of the half-network is
Z, =Zsc_paif = (Z11—Z2) =30 (12.73)

The open circuit input impedance of the half-network is

98



I. Gyurcsek — Electrical Circuit Exercises

ZII = ZOC—half == (le +le) == 3 + 12 = 15!2 (1274)

The wave impedance of the original circuit is

ZOZ\/ZI'ZII:\/?)'lS:S\/gQ (1275)

(Please refer to the result in previous example, where the wave impedance was calculated
another way, but with the same result.)

With the addition and subtraction of (12.73) and (12.74) we can express the input and
transfer impedances.

L, +27 15+ 3
Zyy =12y =—" > L = 5= 9N (12.76)
ZII_ZI 15_3
= =61 12.77
5 5 ( )

The impedance matrix of the symmetric (and reciprocal) T-section circuit is given in (12.78).

Zi, =2y =

Z= [z 8] 0 (12.78)
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13.First-Order Dynamic Circuits
13.1 Charged capacitor

Calculate the insulation resistance of a 220 nF capacitor if the voltage of the charged
capacitor decays into its third part in 10 mins.

Solution

The voltage of a charged capacitor decays according to its loss resistance as described in
(13.1).

t
v(t)=Ve'r, T=RC (13.1)

Voltage decays into its third part in 10 mins, i.e. in 600 s thus,

% _600 600
§=Ve T —>T=RC=E (13.2)
Expressing the loss resistance from (13.2) we get the following
600 600

=2.48-10° = 2.48 G (13.3)

R=Cm3~220-10° 13
13.2 Source-free RC circuit

Find v (t), vx(t), ix(t) fort = 0if in the circuit shown in Fig. 13.1. Assume that the initial
voltage across the capacitoris v-(0) = 15V

’ +

505 01F=—y 12QZ g

Figure 13.1 Source-free RC circuit

Solution

For the time constant we need to know the equivalent resistance, connected to the capacitor
as seenin Fig. 13.2.

=

Req :: v — (0.1F

-

Figure 13.2 Equivalent circuit for Fig. 13.1

The equivalent resistance is given in (13.4)
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R =20Xx5=40 (13.4)
thus, the time constant is
T=ReqC=4-01=04s (13.5)
Voltage across the capacitor is given by (13.6).

t t
v(t) =v(0)e T=15e704 = 15725t | (13.6)

By applying voltage division for the circuit in Fig. 13.1, we can calculate voltage vx.

12
— =0.6" —2.5t — —2.5t 13.7
Vx =1;7g7 0.6-15¢ 9e |4 (13.7)
from which, the current ix, flowing through the 12-Q resistor is
Ux
iy =—==0.75e2% 4 13.8
lx 12 e ( )

13.3 RC circuit with switch

In the circuit, shown in Fig. 13.3, the switch has been closed for a long time, and is opened at
t = 0. Find v(t) for t = 0. Calculate the initial energy stored in the capacitor.

t=0
1Q

AAAA AAAA
r YVVY VVVY

20V (7) 90 == 20wF

Figure 13.3 RC circuit with switch

Solution

We have to first determine the initial condition but because the switch has been closed for a
long time, the voltage across the capacitor is obtained from (13.9). No initial current is
measured through the capacitor according to the stationery (DC) condition. Please see the
Fig. 13.4 for calculating the initial condition.

3Q 1Q

AAAA
VVVY

0
20V () 0Q = v.(0)

Figure 13.4 Circuit for finding initial condition

9
_0)=20— — = = 13.9
v-(—=0) = 20 913 15V = v (+0) =V, (13.9)
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With the switch is open at t = 0, the circuit is shown in Fig. 13.5 with the initial voltage of 15V
across the capacitor. The discharging transient procedure will go through the resistance, as
calculated in (13.10).

1Q

0Q = V=15V — 20 mF

Figure 13.5 Circuit when the switch is open
Ryq=1+9=1010 (13.10)
The time constant for the transient is
T=R,C=10-20-103=02s (13.11)
and the voltage across the capacitor fort > 0 is
v(t) = vc(0) et = 15¢737 = 15e~5¢ ¥ (13.12)
Finally, the energy, stored in the capacitor is calculated in (13.13).

1 1
wc(0) =§Cv§(0) =§-20-10—3 152 =2.25] (13.13)

13.4 Source-free RL circuit

Assuming that i(0) = 10 A calculate i(t) and ix(t) for the circuit in Fig. 13.6.

40
i l l I,

05SHS =20 3i
A

W

Figure 13.6 Source-free RL circuit

Solution
Method 1 - by finding Thevenin equivalent resistance.

Because the circuit contains a dependent source, the equivalent resistance between terminal
(a) and terminal (b) is determined according to the Fig. 13.7. Supposing i; and i; mesh
currents the mesh equations are shown in (13.14) and (13.15).
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& a 4 Q
v,=1V I\t\;l @ 20 ? i N 31y
b
Figure 13.7 Circuit for finding Ry resistance
1
5

Solving the equations, we find the jp current as the following.

Thus, the equivalent (Thevenin) resistance and the time constant of the circuit can be
calculated as in (13.17).

v 1 L

3
Reg=Rmp=3 =30-T=p—=3s (13.17)

The current, through the inductor is

t 2
i(t)=i(0)eT=10e34, t=>0 (13.18)

Voltage across the 2-Q) resistor is the same as the voltage through the inductor. Current ix is
given by Ohm’s law applying the calculation of the voltage across the inductor.

di
v (t) L /dt 5 .z, (13.19)
= = —— 3 > .
3 e A, t=>0

Ly ) =

Method 2 — by applying Kirchhoff Voltage Law.
For this method we use the mesh currents as given in Fig. 13.8.

4€Q

o i L= . 4
0.5H = @ 20 > Iy > 3i

Figure 13.8 The RL circuit with mesh currents
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The mesh equations are the following.

diy . di, = . .
0.5E+ 2(iy, —i,)=0— I + 4115— 4i, =0 (13.20)

Substituting i> from (13.21) into (13.20) we have the following homogeneous differential
equation.

dh 22 (13.22)
dt "3 7T '
By rearranging (13.22) we can write it as in (13.23).
di, 2 i) 2 |
?——gdt—o—)lnlli(o)——gto (1323)
thus,
i(t) 2
S %y 13.24
STONE (13.24)

and expressing i(t) from (13.24) we have the time varying current through the inductor.

¢ 2
i(t)=i(0)eT=10e3"4, t=>0 (13.25)
The current through the 2-Q resistor is

di
v, (t) L 5 2
ix(£) = ng): R/dtz—ge‘ﬁtA, £>0 (13.26)

The results given by method 1 and method 2 are the same.

13.5 RL Circuit with Switch

Find the i(t) current in the circuit shown in Fig. 13.9 for t > 0 time if the switch is openatt=0
after a long closed time.

t i(f)

A A

.
e

Z16Q

Figure 13.9 RL circuit with switch
Solution

The switch is closed for t < 0 times and the inductor is a short circuit in its stationary state.
The circuit is shown in Fig. 13.10.
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1 i i
—% 20 v
Lf{r}
40V :f:t:: 120

Figure 13.10 Circuit with the closed switch

For i; we need the equivalent resistance of the circuit, connected to the 40-V source.

4-12 40
4x12=4+12=3.(2—>i1:m=8A (13.27)
Applying the current division, we can find the inductors current for t < 0.
12
1(0_) = 12—+411 =64 (t < 0) (1328)

According to the property of the inductor, this current has no singularity.
i(0)=i(0")=6A4 (13.29)

Thus, the circuit is shown in Fig. 13.11 when the switch is open.
40

A AA Y

WA o

s >

12Q 2 Z16Q = 2H

-

W

Figure 13.11 Circuit with open switch

The equivalent resistance and the time constant of the circuit for t > 0 is calculated in (13.30).

L 2 1
=—=_g (13.30)

Ry, 8 4

Req=(12+4)x16=80N->1=
And finally, the time function of the current flowing through the circuit is given in (13.31)

2
i(t)=i(0)e 3" =6e %A, t>0 (13.31)

13.6 Singularity functions

Express the voltage pulse, shown in Fig. 13.12, in terms of the unit step. Calculate its
derivative and sketch it.
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o

() 4

Figure 13.12 Voltage pulse
Solution

The voltage pulse, shown in Fig. 13.12 can be expressed as the superposition (subtraction) of
the pair of unit step functions. Both of them are shifted in time i.e. they have their
singularities att =2 sand t =5 s. The v(t) function is given in (13.32).

v(t)=10u(t—2) —10u(t—5) =10 [u(t —2) — (t = 5)] (13.32)
The derivative of the unit step is the unit impulse (or Dirac impulse). Thus, the derivative of
the given voltage pulse is given in (13.33).
dv
pri
This function is shown in Fig. 13.13.

d
ar A

10

10 [6(t—2) —6(t —5)] (13.33)

-10 |-

Figure 13.13 The derivative of the voltage pulse function

13.7 Step response of an RC circuit

The switch has been in position ‘A’ for a long time in the circuit, shown in Fig. 13.14. Att=0
the switch moves to position ‘B’. Determine v(t) voltage function for t > 0 and calculate its
valueatt=1sandt=4s.
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3kQ B 4kQ

#v (D) ska2 v=—05mF (7 )30V

Figure 13.14 RC circuit for step response calculation
Solution

When the switch is in position A, the voltage across the capacitor can be calculated by
applying the voltage division. According to the property of the capacitor this voltage has no
singularity. The result is given in (13.34).

5
) = —_— = = + 13.34
v(07) = 24 513 15V = v(0%) ( )

When the switch is in position B for an extended period, the circuit is in its second stationary
state. The voltage across the capacitor is given in (13.35).

v(c0) =30V (13.35)
The time constant of the circuit for t > 0 is given in (13.36).
T=RpppC=4-103-05-10"3=2s (13.36)
The step response of a first-order circuit is described in (13.37).
v(t) = v(0) + [v(0) — v(0)]e /T (13.37)
Thus, the voltage across the capacitor is
v(t) =30 + (15 — 30)e_% = (30 — 15e795¢) ¥ (13.38)
The voltage att=1sis
v(1) =30—-15e7%° =209V (13.39)
The voltage att=4sis

v(4) =30—-15e72=2797V (13.40)

13.8 Step response of an RL circuit

Find i(t) for t > 0 if the switch in the circuit, shown in Fig. 13.15, has been previously closed for
a long time.
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10v (&) S 3H

Figure 13.15 RL circuit for step response calculation
Solution
The switch is closed for t < 0 thus, the circuit current is given in (13.41).
(07) =5 = 54 = i(0") (13.41)

The current in its second stationery state, i.e. when the switch is open for an extended period,
is calculated as the following.

, 10
) =933

The equivalent resistance of the circuit fort >0 is

24 (13.42)

Rrpp=24+3=50 (13.43)
and the time constant is
1
T:L:ﬁ:ls (13.44)
Ry, 5 15

The step response of a first-order circuit is given by the equation (13.45).
i(t) = i(o0) + [i(0) — i(o0)]et/™ (13.45)
Substituting the circuit parameters and the initial conditions
it)=2+(B-2)e Bt =2+3e"1t4, t>0 (13.46)

The result, obtained in (13.46) can be checked by applying Kirchhoff’s Voltage Law for the
single loop in the circuit for t > 0, as the following.

di
10 =5i+ L— (13.47)
dt

Substituting the current from (13.46) into (13.47) we have (13.48).
1
10 = [10 + 15~ 15] + 3 3:(—15)e 15t (13.48)

That is 10 = 10. (true).
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14.Second-Order Dynamic Circuits

14.1 Initial and final conditions

Find the requested initial and steady-state values as the key to work conditions for the
second-order dynamic circuit in Fig. 14.1. The switch was closed for an extended period and is
open at t=0.

di(0%) __ dv(0%)

(a):i(0*) =2,v(0%) =7, (b): =?,(c):i(o0) =?,v(0) =?

dt ' dt
4Q 1 025H
AN A11A
N +
v () 222 01F =+
=0

Figure 14.1 Second-order dynamic circuit
Solution (a)

The circuit was in its original steady state when the switch was in a closed position as seen in
Fig. 14.2.

4Q 1
e

12V C_f) t>0" 20 § )

Figure 14.2 Steady state circuit when the switch is closed

The circuit current and v voltage at the closed switch is given by Ohm’s law.

12
l(O_) = m =2 A, 17(0_) =2i=4V (141)

Because this current is also the inductors current, then
i(0Y) =i(07) =24, v(0Y) =v(07) =4V (14.2)

Solution (b)

When the switch is open the inductor’s current flows through the capacitor.
i(0Y) =i (0") =24 (14.3)

We can express the first derivative of the voltage from the capacitor’s properties, as given in
(14.4).

109



I. Gyurcsek — Electrical Circuit Exercises

] dv dv i,
lC:CEaE:E (14.4)
Thus,
dv(0%) _ ic(0%) 2
dc  C 0.
We have to also determine the first derivative of the current. It can be expressed from the
inductors properties, as given in (14.6).

e A (14.6)
dt dt L

The equivalent circuit, when the switch is open, is given in Fig. 14.3. Applying Kirchhoff’s

Voltage Law, we get (14.7).

%4
=20— (14.5)

Uy
%)

%7

4Q ' 025H
AMM—N—
+ v —
L

12\:’@) t->0t o01F =,

Figure 14.3 Equivalent circuit when the switch is open
—12+4i(0Y) + v, (0) +v(0*) =0 (14.7)

Expressing the inductors voltage from (14.7) we get the following.

v,(0Y)=12-8-4=0 (14.8)
Thus,
0+ +
ai(0") v (0% _ 0 _ A (14.9)
dt L 0.25 S
Solution (c)

The steady state values are given according to the equivalent circuit, as shown in Fig. 14.4.

4Q 1
—_—
AATAVAY 'e)
_+_
12V @) t — oo )
o

Figure 14.4 Steady state equivalent circuit

The electric current through the open circuit is zero and thus, the voltage across the open
terminalsis 12 V.
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i(0) =0, w(w) =12V (14.10)

14.2 The source-free RLC circuit

Find i(t) in the circuit, shown in Fig. 14.5, for t > 0. Steady-state has been reached att = 0.

1
o —
WY ¥ N L
02F=—=v <60
VN - 4
10v (2) 1
ses Zosw

Figure 14.5 Second-order circuit

Solution

The steady state equivalent circuit while the switch is closed is given in Fig. 14.6.

4Q !

10v (1) t<0 v < 6Q

Figure 14.6 Equivalent circuit fort < 0

Thus, the initial current and voltage is given by Ohm’s law.

10
[ == = 6] = 14.11
i(0) e 14, v(0)=6i=6V ( )

The equivalent circuit shown in Fig. 14.7, when the switch is open.

002F=v t>0

Figure 14.7 Equivalent circuit fort > 0
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The damping factor and natural frequency are obtained from the circuit parameters as given
in(14.12).

R 9 1 1
6:ﬂ:m:9' wozm:mzlo (14.12)
First of all, we note that the circuit is underdamped according to (14.13).
6 < w = underdamped (14.13)
The characteristic roots are the following.
S12=—6+ /52 —w? =-9++81-100 (14.14)
S12 = —9%j4.359, (14.15)
For an underdamped circuit the electric current is given in (14.16).
i(t) = e %(A; cos 4.359t + A, sin 4.359t) (14.16)
The A; and Az constants are obtained from the initial conditions as the following.
i(0)=1=¢e%4;cos0+ A,sin0) = 4, (14.17)
Applying KVL for the circuit in Fig. 14.7 gives us the following equation.
d;(f) = —%[Ri(O) +v(0)]=-2[9-1-6]= —6? (14.18)
The first derivative of (14.16) is given in (14.19).
di(t)

7 —9e7 % (A, cos 4.359t + A, sin 4.359t) ...
t (14.19)

..t e79t4.359(—A, sin 4.359t + A, cos 4.359¢t)
For t = 0 we can write the following form (14.18) and (14.19).

—6 = —9(A; cos0 + A, sin0) + 4.359(—A; sin 0 + A4, cos 0) (14.20)
—6 = —94, + 4.3594, (14.21)

Thus,
Ay =15 —6=-9+43594, > A, = 0.6882 (14.22)

Finally, the requested current is given in (14.23)

i(t) = e %(cos 4.359t + 0.6882 sin 4.359t) A (14.23)

14.3 Step response of the RLC circuit
Find v(t)and i(t)in Fig. 14.8 for t > 0. Consider the cases R=5 (), R=4 (, R=1 Q.
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R 1H

24v () 025F==7v 210

Figure 14.8 RLC circuit
Solution-Case R=50Q

The initial conditions of i(0) and v(0) can be calculated according to Ohm’s law.

i(0)=i=4A, v(0)=1-i=4V (14.24)
5+1
The damping factor and natural frequency are the following.
6=£=i=2.5,w0= ! = ! =2 (14.25)
2L 2-1 VLC  1-0.25

Thus, the roots of the characteristic equation are given by (14.26). We have two real roots
which means that the circuit has an overdamped natural response.

S12=—6% /62 —wi=-1, —4 (14.26)

The total response is obtained from (14.27) as the sum of the steady-state response and
transient (natural) response.

v(t) = vss + (4167 + Ae™*) (14.27)
The steady-state response is seen in Fig. 14.8 as no DC current flows through the capacitor.

Az and A, parameters can be calculated from the initial conditions. From (14.24) and (14.27)
and for t = 0 we can write the following.

v(0) =4 =24+ (A’ + A4,e°) > A, + A, = =20 (14.29)

Substituting (14.24) initial value into the capacitors properties we get (14.30).
dv(0) 4 dv(0) 4 4

i(0) = C— S =c=o;E - 16 (14.30)
A derivation of (14.27) gives the following result.
% = —Ae”t — 44,7 - dl;(to) =16 = —A; — 44, (14.31)
Thus, solving (14.29) and (14.31) the A; and A, parameters gives the following.
64
A = -3 A, =4/3 (14.32)

So, the results for v(t) and i(t) are given in (14.33) and (14.34).
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v(t) =24 + g(—16e‘t +e )V (14.33)
oy Ladv(@) 4 _
i(t)=¢C Fraie §(4e t—e™tH) 4 (14.34)

Note that i(0) = 4 A from (14.33) as it was expected from (14.24).
Solution - Case R=4 ()
The initial conditions of i(0) and v(0) can be calculated according to Ohm’s law.
i(0) = i =484, v(0) =1-i=4.8V (14.35)
4+1

For t > 0 the circuit is a series RLC circuit, see Fig. 14.8. Thus, the damping factor and natural
frequency are the following.

s_R_ 4 1 1 ,
= —= — = , Wn = = =
2L 2-1 " JILC V1-025

Because the damping factor and natural frequency have the same values the roots of the
characteristic equation are equal as given in (14.37). The circuit has a critically damped

natural response.
S1,=—6% /52 —wi=-2 (14.37)

The total response is given in (14.38). A steady-state response is independent of R resistance
in this circuit as there is no steady-state current due to the series capacitance.

(14.36)

v(t) = vS'S + (A1 + Azt)e_Zt ) USS = 24’ |74 (1438)
To find A; and A values we have to use the initial conditions in (14.38).
t=0-v(0)=48=24+4, > A, =—-19.2 (14.39)

Because i current flows through the capacitor we can write (14.40).

dv(0) dv(0) 4.8 48
((0)=C =48> ——=—= = 19.2 14.40
(0 dt CTat T ¢ 025 (14.40)
Calculating the first derivative of (14.38), we get (14.41)
dv dv(0
— = (=24, — 2tA, + Ay))e %t > © =19.2 = =24, + 4, (14.41)
dt dt
Thus, A; and A; are given from (14.39) and (14.41).
Thus, the requested voltage and current are the following
v(t) =24 —19.2(1 + t)e %tV (14.43)
dv(t
i(t) = Cd—(t) = (4.8+9.6t)e ?t A (14.44)

Note that i(0) = 4.8 A from (14.44) as is expected according to (14.35).
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Solution—CaseR=1Q

The initial conditions are the following in this case.

i(0) = 12—_:}1 =12A,v(0)=1-i=12V (14.45)
The damping factor and natural frequency are given in (14.46).
R 1
5:Z:ﬂ:0.5, (4)0:2 (1446)

Because § < w, the circuit has an undamped natural response with complex conjugate roots.
S1,=—-0+ /52 —w?=-0.5%+,1.936 (14.47)
Thus, the total response function of the requested voltage is given in (1.48).
v(t) = 24 + (A, cos 1.936t + A, sin 1.936t)e~05¢ (14.48)
To find A; and A values we have to use initial conditions in (14.48).
t=0-v0)=12=24+A4, - A, =-12 (14.49)

Because i current flows through the capacitor we can write (14.50).

dv(0) dv(0) 12 12
) — _ _f__2f 14.50
i(0)=C = 12— = =035 =48 ( )
Calculating the first derivative of (14.48), we get (14.51)
d_v = e 95t(-1.936A4, sin 1.936t + 1.936A4, cos 1.936t)
dt ) 1 ) ) 2 ) (14.51)
— 0.5e7%5t(4, cos 1.936t + A, sin 1.936t)
Substituting values for t = 0 we can write (14.52).
dv(0
- d(t ) =48 = (-0 + 1.9364,) — 0.5(4; + 0) (14.52)
Thus, A; and A; are given from (14.49) and (14.52).
A =-12, A, = +21.694 (14.53)
Finally, the requested voltage and current are the following
v(t) = 24 + (21.694 sin 1.936t — 12 cos 1.936t)e %t V (14.54)
dv(t
i(t) = Cd—(t) = (3.15in1.936t + 12 cos 1.936t)e %t 4 (14.55)

Note that i(0) = 12 A from (14.55) as is expected according to (14.45).

For illustration purposes the calculated v(t) voltage, in case of overdamped (R = 5 Q),
critically damped (R = 4 ), and underdamped (R = 1 Q), is shown in Fig. 14.9.
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v(H) V A

Underdamped
35

~

Critically damped

/

15 \
10 Overdamped
5
0 | | | | | ! Ly

0 1 2 3 4 5 6 7 8 1(s)

Figure 14.9 Overview of different damping cases

14.4 General second-order circuits

Find the complete response v(%) and then /(%) in the circuit shown in Fig. 14.10 for t > 0.

4Q ' 1H
|
=20 .
12v (5) F o
N - _
t=0

Figure 14.10 Example second order circuit

Solution
We can follow the general solution using the following five steps
Step 1 — Initial and final conditions

As voltage across the capacitor and current through the inductor must be continuous we can
calculate these values as steady-state values for t < 0.

v(0") =v(07) =12V,  i(0") =i(0") =0 (14.56)

Initial value of the first derivative of the requested voltage is given in (14.57).
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dv(0*) _ ic(0%)

(14.57)
dt C
When the switch is closed the circuit is given in Fig. 14.11.
4Q 1H _'_,
| ———
— AAANA—THT *
P
12v () 2020 = 05F
Figure 14.11 Circuit with closed switch
Applying KCL for node ‘a” we can write (14.58).
v(0*
i(0Y) =i (0%) + (2 ) (14.58)
Substituting values from (14.56) into (14.58) the current through the capacitor gives
12
0=i.(0")+ > -i(0")=-64 (14.59)
Thus,
dv(0t) -6 %4
== _12— (14.60)
dt 0.5 s

By finding the steady-state values we can apply that inductor as a short circuit and the
capacitor as an open circuit.

i(00) = 1z 24, v(o) =2i(0) =4V (14.61)
442

Step 2 - Transient response (natural response for source-free circuit)

For the source-free circuit we apply the KCL at node ‘a” and KVL for the mesh on the left side.
See Fig. 14.11 when the independent source is eliminated i.e. replaced with a short circuit.

,_v+1dv (14.62)
YT '
di
4i+1—+4+v=0 (14.63)
dt

Substituting (14.62) into (14.63) we get (14.64)

dv 1dv 1d%*v
@, ot Cev, (14.64)
2v+2dt+2dt+2dt2+v 0

that can also be written as
d*v dv
45—+ 6v=0 (14.65)
dt? + dt +ov

The characteristic equation of (14.65) is given in (14.66) with its roots.
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s?4+55+6=0-s5,=-2,-3 (14.66)

The circuit is overdamped in this case as it has two real roots thus, the transient response is
given in (14.67).

Ve (t) = Aje %t + Aye™3t (14.67)
Step 3 - Steady-state response
The steady-state value is calculated by applied voltage division according to the circuit in Fig.

14.11.

2
Vs (t) = v(o0) = 125—— =4V (14.68)
Step 4 - Complete response

The complete response is given by the steady-state response and transient response as in
(14.69).

(A1 and A; are the coefficients to be determined in the next step.)
v(t) = Vs (t) + v (t) = 4+ Aje 2 + Aye 3t (14.69)
Step 5 - Coefficients by applied initial values

When applying the initial value, as calculated in (14.56), and the steady-state value from
(14.68), (14.69) for t = 0 we get the following.

Substituting (14.60) into the first derivative of (14.69) for t = 0 we get the following equation.
dv
E = —2A1€_2t — 3A2€_3t d _12 = _2A1 —_— 3A2 g 2A1 + 3A2 - 12 (1471)
Az and Az are obtained from (14.70) and (14.71).
Finally, the requested voltage is given in (14.73).
v(t) =4+ 12e 2t —4e73t Y, t>0 (14.73)

The requested current | obtained from (14.62).

v 1ldv
i=—4+-——=246e72 —2e73t _ 1272t 4 Ge~3¢, t>0 (14.74)
2 2dt
Thus,
i=2—6e %t +4e73t 4, t>0 (14.75)

Note that i(0) = 0 from (14.75) as is expected according to the initial condition in (14.56).
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15.Laplace Transform in Circuit Analysis

15.1 Function transformation from time domain to s domain

Determine the Laplace transformation of each function given in Fig. 15.1:

u(r) A e u(r) A &(7)
'r (o0)
1 K
> > >
0 t 0 t 0 t
Figure 15.1 Time varying functions
Solution

By applying the integral transformation formula for unit step function we get the following
result.

[ee] [oe]

Llu(®) = [ 1ede = .

0

= 10 11—1 151
=0+ M= (15.1)

0

Integral transformation for the exponential function gives the following result.

(0] o 1
L{e *u(t)} = f e e St dt = — L (15.2)
0 s+a o S+a
Finally, the unit pulse function in the Laplace domain is the following.
L{E()} = f SM)eStdt=e =1 (15.3)
0

Note that the unit pulse function is the first derivative of the unit step function from which we
see that the integral of the unit pulse ‘around zero’ is 1.

+0
5(t) = % R f s dt =1 (15.4)
-0

An important practical application comes from (15.4), that is, the sampling or shifting
property of the unit pulse, given in (15.5).

[ r©-s0 at =1 (15.5)

15.2 Laplace transform in circuit analysis 1

Find vo(t) in the circuit in Fig. 15.2, assuming zero initial conditions i.e. both, the capacitor and
the inductor are energy-free at t = 0.

119



I. Gyurcsek — Electrical Circuit Exercises

1Q 5Q

}

ey
I

I

ot
o

u(t) (2)

Figure 15.2 Circuit in time domain

Solution

The general steps that need to be followed in circuit analysis when applying the Laplace
transform are the following. (1) Transform the circuit from the time domain to the s domain.
(2) Solve the circuit using any circuit analysis technique (nodal, mesh analysis, source
transformation, superposition, ...) And finally, ... (3) Take the inverse transformation of the
solution to obtain the solution in the time domain.

The transformed circuit to Laplace domain is given in Fig. 15.3.

1Q 5Q

\ \A.
VVVY VVVY

—

. s 2 V,(9)

Figure 15.3 Circuit in Laplace (s) domain

L | bt
La |t

Applying KVL for the loops in the circuit we get (15.6) and (15.7).

1 3 3
c=(1+3)n-n (15.6)
S S S
3 3 1
0=—§11+<s+5+;)12—>11=§(s2+55+3)12 (15.7)
Substituting (15.7) into (15.6)
1 3\1 3
== <1+§)§(s +55 43—, (15.8)
From which,
3
3=(s3+8s2+18s), > I, = (15.9)

s3 +8s2+18s
The requested voltage in s domain is
3

R (15.10)
s2+8s+ 18

Vo(s) = sl,

120



I. Gyurcsek — Electrical Circuit Exercises

This voltage has to be inverse Laplace transformed, so we need to change its formula to the
‘appropriate’ form to be found in the Laplace transform table. (Unless, we want to apply the
inverse Laplace transformation method directly.) In the Laplace transform table we can find
the formula as given in (15.11).

-1 Wq — _—at . o
L {m =e sm(a)dt) (1511)
Thus, we modify (15.10) as in (15.12).
3 3 V2
Vo(s) = (15.12)

SH+85+18 V2 (51 4)2 4T

By substituting the obtained parameters into (15.11) the requested voltage in the time
domain is given in (15.13).

3
vo(t) = L~HV,(s)} = ﬁe““ Sin(\/i t) u®)V,t=0 (15.13)
15.3 Laplace transform in circuit analysis 2
Obtain vo(t) in the circuit, shown in Fig.15.4, assuming vo(0) =5 V.
10 Q
. -
10wV (Z) 10Q2 5O ==01F (§)2850nA

Figure 15.4 Circuit with initial condition
Solution

Circuit, transformed to s domain, is shown in Fig. 15.5.

10 Q V,(s)

|

Y
]
-

Figure 15.5 Circuit in Laplace domain

Voltage and current sources are transformed according to (15.2) and (15.4) or applied (any)
Laplace transform table. The result is given in (15.14)
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1
L{eT®u(t)}=——, L{6B)} =1 (15.14)
s+a
From the initial voltage across the capacitor the calculated initial condition is
C-1,(0)=01-5=054 (15.15)
Applying nodal analysis, we can write the following equation.

10 _
/is+1)~ Vo Vo

0 +2+0'5:1V_?)+W/S (15.16)
With sorting this equation, we can express Vo
L-+-2.5:%+S—V0=lV0(s-+-2) (15.17)
s+1 10 10 10
In shorter form
10
s+1+25 =Vo(s + 2) (15.18)
Thus,
Vo(s) = 25s 4+ 35 _ A N B (15.19)
(s+1D(s+2) (s+1) (s+2)
We have to determine A and B parameters. A is derived from (15.20).
A=(s+1)Vy(s)|s=—q = M = 2 =10 (15.20)
s+2)1_, 1
And B is derived from (15.21),
B =(s+4+2) Vy(5)|s=—2 =M =_—15= 15 (15.21)
s+DI_, -1
Thus, Vo voltage in s domain has the following expression.
Vo(s) = S o (15.22)
(s+1) (s+2)
The inverse Laplace transformation of (15.22) gives the following:
vo(t) = L7HVy(s)} = (10-e t +15-e72) - u(t) V (15.23)

15.4 Circuit with a switch

The switch in circuit, shown in Fig. 15.6, moves from position a to position b at t = 0. Find i(t)
fort>0.
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a
ﬁf_ﬁ}%‘Z 0 R
o b o l (1)
I, f 1 = I
A f
|

Figure 15.5 Circuit with a switch

Solution

First of all, the switch in position ‘a’ sets the initial condition only. The circuit we have to

analyse is in the switch position ‘b’, that is initially a source free circuit.

When the switch is in position ‘a’ the initial condition is given in (15.24)

i(0) =1I

The circuit to be examined is given in s domain as shown in Fig. 15.7.

R
= sL
Vo (2) @ [
T @)
2

Figure 15.7 Circuit transformed to s domain
By applying KVL for the single loop we can write (15.25).

Vo
I(s)(R+sL)—L-IO—?=O

Expressing I(s) from the equation (15.25)

v
b Y __ b, /L
R+sL s(R+sL) s+R/L S(S+R/L)

After mathematical transformation it can be written as

v, v, Vo/ V.
=t R r _l= p g
s+R/, s s+R/ s+ R/ s

I(s) =1L~

(15.24)

(15.25)

(15.26)

(15.27)

From which the requested current in the time domain is obtained by applying the inverse

Laplace transform.

i(t) = (10 - %) L

-, t=0
R
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15.5 Circuit analysis applying the superposition principle

Use the superposition theorem to find the capacitor voltage for the circuit in Fig. 15.8. The
initial conditions are the following i;(0)=-1A, v¢(0) =+ 5V

2o

_+_|
i
N
I
||

0.(0) (2) = 0.1F

Figure 15.8 Circuit in time domain
Solution

The circuit has only one source, but even so, we can use the superposition principle in our
calculation as the initial conditions can be considered as additional sources. By transforming
the circuit from the time domain to the s domain we get the circuit, given in Fig. 15.9.

10
—Q
3 Vl

Figure 15.9 Circuit in s domain

By using the superposition principle (the network is linear), we can do the calculation in three
steps. Let’s have the voltage source in remain to start. By applying nodal analysis the
following nodal equation is given.

Vl_lo/s V1—0 Vl_O
+ +0+—=++—=0 (15.29)
10/3 5s 10/5
Sorting the equation, we get the following.
2 3
0.1 <s+3+—)-V1 =2 (15.30)
S s
From which,
(s?+3s+2)-V, =30 (15.31)

Expressing V7 from (15.31) the result is
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,__ 30 30 30 15.32)
P Gs+1D(s+2) s+1 s+2 '

By applying inverse Laplace transform we get the voltage across the capacitor, caused by the
single voltage source

v () =(B0-et=30-e7 %) u(t)V (15.33)

The next step is to calculate the voltage across the capacitor due to the current source, that
is, from the initial condition of the inductor. The circuit for this calculation is given in Fig.
15.10.

10

3 Q

Vs

™ 1(0)
P

110
Ts
|

Figure 15.10 Circuit with the current source only

The nodal equation in this case is the following.
V2 - 0 V2 - O 1 Vz - O

+ —<t—597 =0 (15.34)
10/3 5s S 10/5
By sorting the equation, we get (15.35),
2 1
0.1 <s+3+—)-V2 == (15.35)
s s
from which,
(s2+3s+2):-V,=30 (15.36)
By expressing V> the result is
10 10 10
v, = = - (15.37)

(s+1)(s+2) s+1 s+2

Through applying inverse Laplace transform for (15.37) we get the voltage across the
capacitor, caused by the initial condition of the inductor.

v,(t) =(10-et—=10-e72) - u(t) V (15.38)

The last (third) source to be considered is the voltage from the initial condition of the
capacitor. The circuit for this calculation is given in Fig. 15.11.
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20

10
s

L 10

)0 () v(0)

s

= @ |
] }

Figure 15.11 Circuit with capacitors initial voltage

The nodal equation in this case is given in (15.39).

Vs—0 V3—0 Vs — /s
+ -0+ =0 (15.39)
10/3 5s 10/5
After sorting we get (15.40),
2
0.1 <s 434 ;) V= 0.5 (15.40)
Expressing V3,
5s -5 10

Vs

:(s+1)(s+2):s+1+s+2 (15.41)

By Applying inverse Laplace transform for (15.41) we get the voltage across the capacitor, a
result of its initial condition.

v3(t) =(-5-et+10-e72)-u(t) V (15.42)
According to the superposition principle the final result is given in (15.43)
v(t) = v,(t) + v, (t) + v5(t) (15.43)
By substituting (15.33), (15.38), and (15.42) into (15.43) the requested voltage is
v(t) ={(B0+10—-5)-e t+ (=30 —10+ 10) - e~ 2} - u(t) (15.44)
Or, after simplifying the equation

v(t) ={35-e ¢ —30-e 2t} u(t) (15.45)
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16.Fourier Transform in Circuit Analysis

16.1 Function transformation from time domain to frequency domain
Find the Fourier transform of the following functions (a) §(t — tp), (b) e/“°¢, (c) cos wt.
Solution (a)

Using the definition of the Fourier integral transform and applying the shifting property of
unit pulse function we can write (16.1).

[00]

F(w)=F[6(t—ty)] = f 5(t —ty)e J@tdt = e~ /@t (16.1)

The shifting property in the special case of t, = 0 (16.1) gives the result of (16.2).
->Fl5(t)] =1 (16.2)

Solution (b)

For this solution we simply use any of the Fourier transform tables. This table is given in Fig.
16.1 where, in the middle row, we can find the result as given in (16.3).

o) 1
o0t 2760 (0 — @)
sgn (1) 2

jo

Figure 16.1 Fourier transform table (part)
Flw) = T[ej‘“ot] =216 (w — wy) (16.3)

Solution (c)

To find the Fourier transform of the cos wyt function we apply Euler’s formula to get the
result given in (16.4).

(16.4)

ejwot + e_jwot
F(w)zT[coswot]zﬂ-"[ l

2

According to the linearity property of Fourier transform it can be written as in (16.5).
e/ @ot 4 g=J@ol
]

_ ET[ejwot] + %:}:‘[e—jwot] (16.5)

By substituting (16.3) into (16.5) we get the following result.
1 . 1 .
E}"[ef“’ot] + E}"[e‘f“’ot] =n8(w — wy) + 8 (w + wy) (16.6)
The Fourier transform of the cosine function is also drawn in Fig. 16.2.
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) A Flw)
1 T T
AN/ \\VANERN ! L,
\/ \/0 \/ \/ t —tg 0 Wy w

Figure 16.2 Fourier transform of the cosine function

16.2 The sinus cardinalis (sinc) function
Find the Fourier transform of the single (nonperiodic) rectangular pulse shown in Fig. 16.3

f() A
A

f

b=
[
b=

Figure 16.3 Nonperiodic rectangular function

Solution
Substituting the single pulse function into the equation of the Fourier transform
T/2
. AT 24 (0T — gmiwt/2
F(w) = f Ae Mt = ——| =— - (16.7)
jol_,, @ 2j
—-7/2
Applying Euler’s formula, the result is given in (16.8) where the (sin x)/x is renamed to sinc (x)
sin wt/2
(16.8)

F(w) = ATT/Z = At sinc wt/2

Apply, for example, the following parameters.

A=10,T=2 - F(w) = 20sincw (16.9)

The equation in (16.9) is drawn in Fig. 16.4.
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[Flw)| 4
20

-
r

37 27 -7 0 w 27 37 w

Figure 16.4 The sinc function of (16.9)

Please note this solution is ‘similar’ to the discrete spectrum i.e. the Fourier series of a
periodic pulse train, that we previously calculated in Chapter 11. For a comparison of the
continuous spectrum of a single rectangular pulse and the discrete spectrum of the periodic
pulse train we give the periodic pulse train in Fig. 16.5 and its Fourier series in Fig. 16.6.

f(6) A
10
=
-11 -9 -101 9 11 ¢

Figure 16.5 Periodic pulse train
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3

~10-8-6-4-2 0 2 4

=Y
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Figure 16.6 Discrete spectrum of the periodic pulse train
16.3 Circuit application 1

Find vo(t) in the circuit shown in Fig. 16.7 for v;(t) = 2e 3tu(t) V

2Q

+
50 (2) 1F == 4(0)

Figure 16.7 Circuit for finding vo(t) voltage
Solution

The Fourier transform of the source voltage is given in (16.10).

Vi(w) = 53— (16.10)

The transfer function of the circuit is given in (16.11)
L@ _ 1je 1

H = = = 1611
@) =y " 2+ 10 1+ )20 (1611)
thus, the output voltage in the Laplace domain is
2 1
Vo(w) = Vi(w)H(w) = (16.12)

G+jo)(1+,20) B+jw)(05+jw)
To be able to inverse the Laplace transform of the function, given in (16.12) the partial
fractions have to be determined. The resultis in (16.13).

—-0.4 0.4

V(’(w):3+ja)+0.5+jw

(16.13)

Two parts of (16.13) can be transformed using the inverse Laplace giving the result in (16.14).

F UV, (w)] = vo(t) = 0.4(e™ %5 — e 3N)u(t) (16.14)

16.4 Circuit application 2
Find iy (t) in the circuit shown in Fig. 16.8 for is(t) = 10 sin 2t A.

‘ XG
<40

1
—— 05F
1

Figure 16.8 Circuit for finding io(t) current
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Solution

Because the current source is a sinusoidal source, the calculation could also be done in the
phasor domain. Now, we apply the Laplace transformation method that naturally gives the
same result. The Laplace transform of the source current is given in (16.15).

Is(w) = jr10[8(w + 2) — 8(w — 2)] (16.15)

The transfer function of the circuit is

Io(w) _ 2 ja)

H(w) = = = 16.16
@) = ) " Z+4% 2w 1+jad (16.16)
Thus, the output current in Laplace domain is
10tw[d(w — 2) — §(w + 2)]
Iy(w) = Hw)Is(w) = 15 a3 (16.17)
The output current in time domain is given by the inverse Laplace transformation.
1 [ 10mw[s(w—2) — 6(w +2)] .
io(t) = F I =— Jotd 16.18
io(© = F @) =5 | e ddo (1619
Applying the shifting property of the unit pulse function we can write (16.19).
| 80 - wp)f@da = f(wy) (16.19)
From (16.18) and (16.19) we can write the following.
10 2 . -2 .
o(t) = —— jat — —ﬂf] 16.20
W) =50 [1+j6e 1-j6° (16.20)
Once we rewrite (1+j6) and (1-j6) in polar form we obtain (16.21).
eJ2t e—J2t
() =10 [6.082 e/805% ~ 6,082 e‘13°-54°l (16.21)
Thus,
io(t) = 1.644[e/ (31780547 4 o=j(2=80.54%] (16.22)

By applying the Euler formula for (16.22) the response current in the circuit is given in (16.23).
io(t) = 3.288 cos(2t — 80.54°) A (16.23)

The response function is a harmonic function as was expected because of the harmonic

excitation in the circuit.

16.5 Parseval’s theorem

-3t

The voltage across a 10-12 resistor is v(t) = 5e>*u(t) V. Find the total energy dissipated in

the resistor.

Solution 1
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We need to first calculate the total dissipated energy in the time domain.

The total energy dissipated by the 10-Q resistor is given from (16.24).

Wioo = T v2(t) dt = 0.1f 25e7%dt =25 c (16.24)
—o0 0 - 0
When solving this equation it gives (16.25).
-6t|® 5
0

Solution 2

Now we calculate the total dissipated energy in the frequency domain by the application of
Parseval’s theorem. The voltage across the resistor in the frequency domain is the Fourier
transform of the given voltage, and the square of the absolute value is given in (16.26).

25
% — 174 2 —V()WV(w) = —— 16.26
(w) 3+].w—>| ()] (@V(w)' =g ( )
According to Parseval’s theorem the total energy dissipated by the 10-Q resistor is
w _ o fIV 12d —0'1f 25 d 16.27
100 = 50 (w) ‘U—ﬂ 9+w2w (16.27)
—00 0
From an integral table we have (16.28) to be applied for (16.27).
1 1 x
fﬁdx = —tan_l — (1628)
a’+x a a

Thus, the result for total dissipated energy is given in (16.29) which is the same as calculated
in (16.25).

= - =—=4167m/ (16.29)

16.6 Amplitude modulation (AM)

A music signal has frequency components from 15 Hz to 30 kHz and this signal is used to
amplitude modulate a 1.2-MHz carrier. Find the range of frequencies for the lower and upper
sidebands.

Solution

The frequency spectrum with lower sideband (LSB) and upper sideband (USB) of amplitude
modulation is given in Fig. 16.9.
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Carrier

Lower sideband Upper sideband

LN

Audio bandwﬁtﬂ

-

A

Total signal bandwidth
Figure 16.9 Frequency spectrum of amplitude modulation

The lowest cut-off frequency of the applied bandwidth is given in (16.30).
frse1 = 1,200,000 — 30,000 = 1,1700,000 Hz (16.30)
Another cut-off frequency point of the lower sideband is in (16.31).
fisgz = 1,200,000 — 15 = 1,199,995 Hz (16.31)

The next point over the carrier frequency is the lower cut-off frequency of the upper
sideband, that is shown in (16.32).

fusgs = 1,200,000 + 15 = 1,200,015 Hz (16.32)
Finally, the upper cut-off frequency of the upper sideband is shown in (16.33).
fussa = 1,200,000 + 30,000 = 1,230,000 Hz (16.33)

Thus, the total bandwidth used by the given AM signal is between 1.17 MHz and 1.23 MHz.
The necessary bandwidth for the AM transmission of the 15Hz — 30 kHz audio band is two
times higher i.e. 60 kHz in this case, because of the double sideband modulation.

16.7 Nyquist—Shannon sampling theorem

A telephone signal with a cut-off frequency of 5 kHz is sampled at a rate 60 percent higher
than the minimum allowed rate. Find the sampling rate.

Solution

The sampling rate according to Nyquist-Shannon theorem is two times higher than the upper
cut-off frequency. That is the minimum allowed sampling rate or Nyquist rate, calculated in
(16.34).

fsmin =2 'fcut—off =2-5=10kHz (16.34)

Because the telephone signal with the given cut-off frequency is sampled at a rate 60 percent
higher than the minimum allowed rate, the applied sampling rate is calculated in (16.35).

fo =16+ foun = 1.6-10 = 16 kHz (16.35)
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17. Sources and Recommended Additional Materials

17.1 In English

1.

Dr. Gyurcsek I.— Dr. ElImer Gy.: Theories in Electric Circuits
GlobekEdit, 2016, ISBN:978-3-330-71341-3

Ch. Alexander, M. Sadiku: Fundamentals of Electric Circuits
McGraw Hill NY 2016, ISBN: 978-0078028229

17.2 In Hungarian

3.

4.

10.

11.

Simonyi K.: Villamossagtan

AK Budapest 1983, ISBN:9630534134

Dr. Selmeczi K. — Schnoller A.: Villamossagtan 1.
MK Budapest 2002, TK szam: 49203/I

Dr. Selmeczi K. — Schnoller A.: Villamossagtan 2.
TK Budapest 2002, ISBN:9631026043

Zombory L.: Elektromdagneses terek

MK Budapest 2006, (www.electro.uni-miskolc.hu)
Simonyi K. - Zombory L.: EIméleti villamossagtan
MK Budapest 2000, ISBN:9631630587

Fodor Gy.: EIméleti elektrotechnika 1-2

TK Budapest 1974, TK. szam: 44340

Fodor Gy.: Halézatok és rendszerek

Megyetemi Kiadé Budapest 2006.

Fodor Gy.: Villamossagtan példatar

TK Budapest 2001.

Simonyi K.- Fodor Gy. —Vago |.: EIméleti villamossagtan példatar
TK Bp. 1967, TK szam: 44301
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